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Abstract: We study Ruelle operators on expanding and mixing dynamical systems with
potential function satisfying the Dini condition. We give an estimate for the convergence
speed of the iterates of a Ruelle operator. Our proof avoids Markov partitions. This is
the second part of our research on Ruelle operators.

1. Introduction

Let X be a compact metric space with metricd andf : X → X be a continuous
map. The couple(X, f ) is called a dynamical system. Letψ : X → R

+∗ be a strictly
positive continuous function, called apotential. The Ruelle–Perron–Frobenius operator
L = Lf,ψ , simply called the Ruelle operator, is defined as

Lφ(x) =
∑

y∈f−1(x)

ψ(y)φ(y)

for φ in a suitable space of functions onX. The Ruelle operator is an important tool in the
study of dynamical systems. The famous Ruelle theorem deals with spectral properties
of L and then implies the convergence of the powers ofL. Under the setting of an
expanding and mixing dynamical system with a Dini potential, the Ruelle theorem is
proved in the first part of our study [FJ]. (See also [Ru1,Ru2,Bo,Wa] for different proofs
under different settings.)

In this paper, we present our results on the convergence speed of the powers ofL.
Our result is new in the general setting that we consider here. Our method may also work
in the setting considered in [Wa], where no convergence speed was studied.

Recall that a dynamical systemf on X is said to belocally expanding if there are
constantsλ > 1 andb > 0 such that

d(f (x), f (y)) ≥ λd(x, y), x, y ∈ X, d(x, y) ≤ b.

� Supported in part by NSF grants and PSC-CUNY awards.
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We call (λ, b) a primary expanding parameter. It is said to bemixing if for any non-
empty open setU of X, there is an integern > 0 such thatf n(U) = X. For anyn ≥ 0,
we define a new metricdn onX, called then-Bowen metric, as

dn(x, y) = max
0≤j≤n

d(f j (x), f j (y)).

The n-Bowen ball centered atx ∈ X of radiusr > 0 is denoted byBn(x, r). The
0-Bowen metric is just the original metricd onX.

Let C = C(X,R) be the space of all continuous functionsφ : X → R with the
supremum norm

||φ||∞ = max
x∈X |φ(x)|.

For a right continuous and increasing functionω : R
+ → R

+ with ω(0) = 0 (called
modulus of continuity), we defineHω = Hω(X,R) to be the space of all functionsφ ∈ C
satisfying

[φ]ω = sup
x,y∈X,0<d(x,y)≤a

|φ(x) − φ(y)|
ω(d(x, y))

< ∞.

(The numbera > 0 will be chosen and fixed later.) A modulus of continuityω(t) is said
to satisfy theDini condition if ∫ 1

0

ω(t)

t
dt < ∞.

For such a Dini functionω, define

ω̃(t) =
∞∑
n=1

ω(λ−nt).

It is easy that̃ω is also a modulus of continuity.
Let M be the dual space ofC and letL∗ : M → M be the dual operator of

L : C → C. For any measureν ∈ M and any functionφ ∈ C, we use〈ν, φ〉 to denote
the integral ofφ with respect toν.

Let us recall the Ruelle theorem that we proved in [FJ].

Theorem 1 (Ruelle Theorem). Suppose that ω is a Dini modulus of continuity and
ψ ∈ Hω. We have the following statements:

1. There exists a strictly positive number ρ and a strictly positive function h ∈ Hω̃ such
that Lh = ρh.

2. There exists a unique probability measure ν = νψ ∈ M such that L∗ν = ρν.
3. For sufficiently small r > 0, there is a constant C = C(r) > 0 such that

C−1 ≤ ν
(
Bn(x, r)

)
ρ−nGn(x)

≤ C (Gibbs property)

holds for all x ∈ X and n ≥ 1, where Gn(x) = ∏n−1
j=0 ψ(f jx).

4. Take h in (1) such that 〈ν, h〉 = 1. Then for any φ ∈ C,

ρ−nLnφ → 〈ν, φ〉h as n → ∞.
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Notice that the functionh belongs toHω̃ but not toHω, in general.
Our concern in this paper is the convergence speed ofρ−nLnφ. Such speeds will

provide us with good knowledge on the statistical properties of the dynamical system.
We shall see that the convergence speed depends on the regularities of bothψ andφ. For
any functionφ, denote by�φ(t) its modulus of continuity defined by supd(x,y)≤t |φ(x)−
φ(y)|. Our main result in this paper is the following.

Theorem 2. Make the same assumptions as in Theorem 1. Take an eigenfunction h

(associated to the eigenvalue ρ) such that 〈ν, h〉 = 1. Then for any ε with 0 < c2ε ≤ a,
c2 = 2λ/(λ − 1) , there exist constants 0 < γ < 1, p ≥ 0, C > 0 such that for any
n ≥ 1, any φ ∈ C, any integer partition of [1, n], 1 ≤ n0 < n1 < · · · < n%−1 < n% ≤ n,
satisfying nj − nj−1 > p for 1 ≤ j < % (let n−1 = 0), we have

‖ρ−nLnφ − 〈ν, φ〉h‖∞

≤ C
(
�φ(c2ελ

−n0) + ‖φ‖∞
%∑

j=0

ω̃(λpc2ελ
−(nj−nj−1)) + ‖φ‖∞γ %

)
.

Our result in the general setting unifies to some extent the existing ones (see [FP]).
Our method is completely different and seems simple. Markov partitions are not needed,
unlike what one could expect. That is one reason for the simplicity of the method. In the
place of the Markov partition, we need a non Markovian partition which is very easy to
construct and may be adapted to the setting studied in [Wa].

The article is organized as follows. In Sect. 2, we will recall some properties of
an expanding and mixing dynamical system and construct non Markovian partitions. In
Sect. 3, we will prove our main result (Theorem 2, also Theorems 3 and 4). In Sect. 4, we
will give some examples providing different kind of convergence speeds (polynomial,
superpolynomial, subexponential, etc). In Sect. 5, we will apply the main result to get
decays of correlation and the central limit theorem.

2. Construction of Non-Markovian Partitions

For a locally expanding dynamical system(X, f ) with expanding primary parameter
(λ, b), the restrictionf : B(x, b′) → f (B(x, b′)) is homeomorphic for anyx ∈ X and
0 < b′ ≤ b. Moreover, there is an integerm0 > 0 such that #(f−1(x)) ≤ m0 for any
x ∈ X and for anyx ∈ X and any 0< r ≤ b, we have

Bk(x, r) ⊆ Bk−1(x, λ
−1r) (k ≥ 1).

Some further properties listed below are proved in [FJ].

Proposition 1. Suppose f is a locally expanding and mixing dynamical system with a
primary expanding parameter (λ, b).

1. There is a constant 0 < a ≤ b such that for any x ∈ X with f−1(x) = {x1, · · · , xn},
there are local inverses g1, · · · , gn of f defined on B(x, a) such that gj (x) = xj and
gj (B(x, a)) (1 ≤ j ≤ n) are pairwise disjoint.

2. Let a > 0 be a constant in (1). We have #(f−1(x)) = #(f−1(y)) if d(x, y) ≤ a.
Furthermore, we can arrange f−1(x) = {x1, · · · , xn} and f−1(y) = {y1, · · · , yn}
so that

d(xj , yj ) ≤ d(x, y)

λ
(1 ≤ j ≤ n).
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3. Let a > 0 be a constant in (1). If 0 < r ≤ a, the map

f n : Bn(x, r) → B(f n(x), r)

is a homeomorphism.
4. Let a > 0 be a constant in (1). Then for any 0 < r ≤ a, there is an integer p =

p(r) ≥ 1 such that f p(B(x, r)) = X for any x ∈ X. Moreover, for any x, y ∈ X,

1 ≤ #
(
f−(n+p)(y) ∩ Bn(x, r)

) ≤ m
p
0 .

Let a be a constant in (1). We call the pair(λ, a) an expanding parameter for f .
Henceforth we supposef is a locally expanding and mixing dynamical system with a
fixed expanding parameter(λ, a).

Now we are going to construct a sequence of partitions ofX whenλ > 3. Denote

c1 = λ − 3

λ − 1
and c2 = 2λ

λ − 1
.

Letε be a real number satisfying that 0< 2ε ≤ a. Let{x1, · · · , xm} be a 2ε-net in(X, d),
that is to say, the balls{B(xj , ε)}1≤j≤m are disjoint and the balls{B(xj ,2ε)}1≤j≤m form
a cover ofX. Define

A1 = B(x1,2ε) \ (B(x2, ε) ∪ · · · ∪ B(xm, ε)
)
,

Aj = B(xj ,2ε) \ (A1 ∪ · · · ∪ Aj−1) (2 ≤ j ≤ m).

Thus we get a partitionP0 = {Aj } of X such that

B(xj , ε) ⊆ Aj ⊆ B(xj ,2ε) (1 ≤ j ≤ m).

For anyn ≥ 1 and 1≤ j ≤ m, the inverse underf n of everyAj is composed
of disjoint sets (called components), each of which contains adn-ball of radiusε and
is contained in adn-ball of radius 2ε (Proposition 1 (3)). More precisely, for each
componentA, f n : A → Aj is homeomorphic and

Bn(cA, ε) ⊆ A ⊆ Bn(cA,2ε),

wherecA ∈ A and f n(cA) = xj . We call cA the center of A. The set of all such
componentsA form a partition, which we denote byPn. It is worthy to note that if
n > k ≥ 1 and ifA ∈ Pn, we havef kA ∈ Pn−k. HoweverPn is not necessarily a
refinement ofPk. In the following, we will modify{Pk}nk=0 to get a new (finite) sequence
of partitions{Qk}nk=0 such thatQk+1 is a refinement ofQk.

Proposition 2. Suppose λ > 3. For any n ≥ 1 and ε such that 0 < c2ε ≤ a, there are
partitions Qk (0 ≤ k ≤ n) such that

1. Qk+1 is a refinement of Qk (0 ≤ k < n).
2. Any element in Qk contains a dk-ball of radius c1ε and is contained in a dk-ball of

radius c2ε.
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Proof. We constructQk (0 ≤ k ≤ n) by induction onk (decreasing fromn to 0). First
takeQn = Pn. ForA ∈ Pn−1, let

Ã = ∪D∈Qn: cD∈AD,

wherecD is the center ofD ∈ Qn = Pn. We claim that

Bn−1
(
cA, ε(1 − 2λ−1)

) ⊆ Ã ⊆ Bn−1
(
cA,2ε(1 + λ−1)

)
.

In fact, suppose that the centercD of D ∈ Qn is outsideA. SinceA contains thedn−1-
ball Bn−1

(
cA, ε

)
of radiusε centered atcA, dn−1(cA, cD) ≥ ε. This implies that for

z ∈ D ⊆ Bn(cD,2ε) ⊂ Bn−1(cD,2ε/λ) we have

dn−1(cA, z) ≥ dn−1(cA, cD) − dn−1(cD, z) ≥ ε(1 − 2λ−1).

Thus we have proved the first inclusion. On the other hand, suppose that the centercD
of D ∈ Qn is insideA. SinceA is contained in adn−1-ball Bn−1

(
cA,2ε

)
of radius

2ε centered atcA, dn−1(cD, cA) ≤ 2ε. This implies that forz ∈ D ⊆ Bn(cD,2ε) ⊂
Bn−1(cD,2ε/λ), we have

dn−1(z, cA) ≤ dn−1(z, cD) + dn−1(cD, , cA) ≤ 2ελ−1 + 2ε < 2ε(1 + λ−1).

Thus the second inclusion is proved. All theseÃ form Qn−1. Again we callc
Ã

= cA the
center ofÃ in Qn−1. In case there is no confusion, we will still useA (without tilde) to
mean an element inQn−1. Let

s1 = ε(1 − 2λ−1), t1 = 2ε(1 + λ−1).

Suppose we have constructedQn−(k−1) (2 ≤ k ≤ n) such that for anyD ∈ Qn−(k−1)
we have

Bn−(k−1)(cD, sk−1) ⊆ D ⊆ Bn−(k−1)(cD, tk−1),

wherecD is the center ofD.
Now for anyA ∈ Pn−k, define an element̃A of Qn−k as follows:

Ã = ∪D∈Qn−k+1: cD∈AD.

Let cA be the center ofA. We claim that

Bn−k(cA, ε − tk−1) ⊆ Ã ⊆ Bn−k

(
cA,2ε + tk−1λ

−1).
In fact, A in Pn−k contains thedn−k-ball Bn−k(cA, ε) and is contained in thedn−k-
ball Bn−k(cA,2ε). SupposeD is in Qn−(k−1) whose centercD is outsideA. Then
dn−k(cA, cD) ≥ ε. Hence, for anyz ∈ D ⊆ Bn−(k−1)(cD, tk−1) ⊆ Bn−k(cD, tk−1λ

−1),
we have

dn−k(cA, z) ≥ dn−k(cA, cD) − dn−k(cD, z) ≥ ε − tk−1λ
−1 > ε − tk−1.

This proves the first inclusion in the claim. On the other hand, for everyD in Qn−(k−1)
whose centercD is in A, we have thatdn−k(cA, cD) ≤ 2ε and that for anyz ∈ D ⊆
Bn−(k−1)(cD, tk−1) ⊆ Bn−k(cD, tk−1λ

−1), dn−k(z, cD) ≤ tk−1λ
−1. Thus,

dn−k(z, cA) ≤ dn−k(z, cD) + dn−k(cD, cA) ≤ 2ε + tk−1λ
−1.
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This is the second inclusion in the claim. Now let

sk = ε − tk−1λ
−1 and tk = 2ε + tk−1λ

−1.

For anyÃ in Qn−k,
Bn−k(cÃ, sk) ⊆ Ã ⊆ Bn−k

(
c
Ã
, tk
)
,

wherec
Ã

= cA is the center ofÃ. An easy calculation shows that

tk = 2ε
λ − λ−k

λ − 1
and sk = ε

(
1 − 2(1 − λ−(k+1))

λ − 1

)
.

We see thattk ≤ c2ε and that forλ > 3, sk ≥ c1ε > 0. So we have completed the proof.
��

3. Convergence Speeds of Ruelle Operators

We give here a proof of Theorem 2.
Let s = minx∈X ψ(x). Let K0 = [ψ]ω/s. For anyx, y ∈ X, let xi = f i(x) and

yi = f i(x) for i ≥ 0. The following distortion property is easy to obtain by using the
factd(xi, yi) ≤ λn−id(xn, yn) for 0 ≤ i < n (a detailed proof is given in [FJ]).

Lemma 1 (Naive Distortion). For any x, y ∈ X with dn(x, y) ≤ a,∣∣∣∣ log

(
Gn(x)

Gn(y)

)∣∣∣∣ ≤ K0ω̃(d(xn, yn)),

where Gn(x) = ∏n−1
j=0 ψ(f jx).

Givenφ ∈ C. Let φ̃ = φ − 〈ν, φ〉h. Then we have
∫
φ̃dν = 0. And moreover,

ρ−nLnφ̃ = ρ−nLnφ − 〈ν, φ〉h
and‖φ̃‖∞ ≤ (1+‖h‖∞)‖φ‖∞. Therefore, Theorem 2 is a consequence of the following
theorem.

Theorem 3. Make the same assumptions as Theorem 2. Then for any ε such that 0 <

c2ε ≤ a, there exist constants 0 < γ < 1, p ≥ 0, C > 0 such that for any n ≥ 1,
any φ ∈ C such that 〈ν, φ〉 = 0, any integer partition of [1, n], 1 ≤ n0 < n1 < · · · <
n%−1 < n% ≤ n, satisfying nj − nj−1 > p for 1 ≤ j < % (let n−1 = 0), we have

‖ρ−nLnφ‖∞ ≤ C

(
�φ(c2ελ

−n0) + ‖φ‖∞
%∑

j=0

ω̃(λpc2ελ
−(nj−nj−1)) + ‖φ‖∞γ %

)
.

Instead of working with the operatorL, we shall work with its normalizatioñL,
which is defined as follows. Let

ψ̃ = ψ
h

ρ h ◦ f
.
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Define
L̃φ(x) =

∑
y∈f−1(x)

ψ̃(y)φ(y).

The important feature for̃L is thatL̃1 = 1. Denote

G̃n(x) =
n−1∏
i=0

ψ̃(f i(x)) = Gn(x)
h(x)

ρn h ◦ f n(x)
.

Then we have the expression

L̃nφ(x) =
∑

y∈f−1(x)

G̃n(y)φ(y).

The following lemma is an easy consequence of Lemma 1.

Lemma 2. Let K1 = K0 + 2[h]ω̃/minh. For any x, y ∈ X with dn(x, y) ≤ a,

∣∣∣∣ log

(
G̃n(x)

G̃n(y)

)∣∣∣∣ ≤ K1ω̃(d(xn, yn)).

Moreover, if K = K1e
K1ω̃(a), we have

∣∣∣∣G̃n(x)

G̃n(y)
− 1

∣∣∣∣ ≤ Kω̃(d(xn, yn)).

Remark that for 0< δ ≤ a and 1≤ k ≤ m, by Lemma 2 we have

sup

{∣∣∣∣G̃k(x)

G̃k(y)
− 1

∣∣∣∣; dm(x, y) ≤ δ

}
≤ Kω̃(λ−(m−k)δ).

Letν be the measure inTheorem 1 (2) and takeh inTheorem 1 (1) such that〈ν, φ〉 = 1.
Let µ = hν (the Gibbs measure). We will show that Theorem 3 follows from the
following theorem.

Theorem 4. Make the same assumptions as in Theorem 2. Then for any ε with 0 < c2ε ≤
a, there exist constants 0 < γ < 1,p ≥ 0,K > 0such that for anyn ≥ 1, anyφ ∈ C such
that 〈µ, φ〉 = 0, any integer partition of [1, n], 1 ≤ n0 < n1 < · · · < n%−1 < n% ≤ n,
satisfying nj − nj−1 > p for 1 ≤ j < %, we have that

‖L̃nφ‖∞ ≤ �φ(c2ελ
−n0) + K‖φ‖∞

%∑
j=1

ω̃(λ−(nj−nj−1)c2ελ
p) + ‖φ‖∞γ %.

Notice that the sum in the inequality of Theorem 3 is taken over 0≤ j ≤ %, while
that in the inequality of Theorem 4 is taken over 1≤ j ≤ l.

To prove Theorem 4, we will need several lemmas. The first one has its own interests.
It is simple but decisive.
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Lemma 3. Let (�,A, µ) be a measure space. Let 0 < α < β < ∞ be two constants.
There exists a constant 0 < γ = γ (α, β) < 1 such that the inequality

∣∣∣∣
∫

φχdµ

∣∣∣∣ ≤ γ

∫
|φ|χdµ

holds for any measurable function χ such that α ≤ χ(x) ≤ β and any integrable
function φ such that

∫
φdµ = 0 (the optimal γ is (β − α)/(β + α)).

Proof. The special case (corresponding to the discrete measureµ = δ1 + δ2)

|x1 − x2| ≤ γ (x1 + x2) (α ≤ x1, x2 ≤ β)

is trivial. Now without loss of generality, we assume that

∫
φ>0

φdµ = −
∫
φ<0

φdµ = 1.

Apply the special case to

x1 =
∫
φ>0

φχdµ, x2 = −
∫
φ<0

φχdµ.

Sinceα ≤ x1, x2 ≤ β, we have

∣∣∣∣
∫

φχdµ

∣∣∣∣ = |x1 − x2| ≤ γ (x1 + x2) = γ

∫
|φ|χdµ. ��

The main idea of the proof of Theorem 4 is to introduce a sequence of linear operators
P = {Pn}∞n=1 defined as

Pnφ(x) = L̃n(f n(x)) =
∑

y∈f−n(f n(x))

ψ̃(y)φ(y).

As we have seen in [FJ] thatPn is positive,Pn1 = 1 and

PmPn = PnPm = Pm (m ≥ n ≥ 1).

Assume for the momentλ > 3. Fix n ≥ 1 andε such that 0< c2ε ≤ a. Let Qk

(1 ≤ k ≤ n) be the partitions constructed in Proposition 2. Let us still useQk to denote
theσ -algebra generated byQk. Let Ek = E(·|Qk) be the conditional expectation with
respect toQk on the probability space(X,µ).

Lemma 4. Let p0 = p(ε) be a fixed integer in Proposition 1 (4). Then there exists a
constant 0 < γ < 1 depending only upon ε and (f, ψ) such that for any φ ∈ L∞(µ)

with 〈µ, φ〉 = 0, any p ≥ p0, and any k ≥ 1,

‖Pk+pEkφ‖∞ ≤ γ ‖φ‖∞.
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Proof. Note that

Pk+pEkφ(x) =
∑

y∈f−(k+p)(f k+p(x))

G̃k+p(y)Ekφ(y)

=
∑

A∈Qk

∫
A
φdµ

µ(A)

∑
y∈A∩f−(k+p)(f k+p(x))

G̃k+p(y).

By Propositions 1 (4) and the Gibbs property in Theorem 1 (3), there is a constant
C0 = C0 > 0 such that

C−1
0 ≤ 1

µ(A)

∑
y∈A∩f−(k+p)(f k+p(x))

G̃k+p(y) ≤ C0.

So Lemma 3 implies that we have a constant 0< γ = (C0 − C−1
0 )/(C0 + C−1

0 ) < 1
such that

|Pk+pEkφ(x)| ≤ γ
∑

A∈Qk

∫
A

|φ|dµ
µ(A)

∑
y∈A∩f−(k+p)(f k+p(x))

G̃k+p(y)

≤ γ ‖φ‖∞
∑

A∈Qk

∑
y∈A∩f−(k+p)(f k+p(x))

G̃k+p(y) = γ ‖φ‖∞,

because
∑

A∈Qk

∑
y∈A∩f−(k+p)(f k+p(x)) G̃k+p(y) = Pk+p1 = 1. ��

For any functionφ defined onX, define

V(n,ε)
m (φ) = sup

A∈Qm

sup
x,y∈A

|φ(x) − φ(y)| (1 ≤ m ≤ n).

This describes the variation ofφ on the partitionQm which depends onn and ε. A
functionφ is Qm-measurable if V(n,ε)

m (φ) = 0, i.e.,φ is a piecewise constant function
with respect toQm.

Lemma 5. For any ε such that 0 < c2ε ≤ a, there exists a constant integer q0 ≥ 1 such
that for any q ≥ q0 with n ≥ m ≥ k + q > k ≥ 1 and any Qk-measurable φ we have

V(n,ε)
m (Pk+qφ) ≤ K‖φ‖∞ω̃(λ−(m−k)c2ελ

q).

Proof. SupposeA ∈ Qm andx, y ∈ A. Let f−k(f k(x)) = {xj } andf−k(f k(y)) =
{yj }. By Proposition 2,A is contained in adm-ball of radiusc2ε. We may assume that
for eachj , xj andyj are contained in adm-ball of radiusc2ε which is contained in a
dm−q -ball of radiusc2ελ

−q . Takeq0 such that

λq0 > c2/c1.
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Thenxj andyj are contained in adm−q -ball of radiusc1ε which is contained in adk-ball
of radiusc1ε becausem − q ≥ k. Asφ is Qk-measurable,φ(xj ) = φ(yj ). So,

|Pk+qφ(x) − Pk+qφ(y)| =
∣∣∣∣∣∣
∑
j

G̃k+q(xj )φ(xj ) −
∑
j

G̃k+q(yj )φ(yj )

∣∣∣∣∣∣
≤ ‖φ‖∞

∑
j

∣∣∣G̃k+q(xj ) − G̃k+q(yj )

∣∣∣
≤ ‖φ‖∞

∑
j

G̃k+q(yj )

∣∣∣∣∣G̃k+q(xj )

G̃k+q(yj )
− 1

∣∣∣∣∣
≤ K‖φ‖∞ω̃(λ−(m−k+q)c2ε)

∑
j

G̃k+q(yj )

≤ K‖φ‖∞ω̃(λ−(m−k)c2ελ
q).

We have used the remark after Lemma 2 and the fact
∑

j G̃k(xj ) = Pk1 = 1. ��
The following lemma is obvious for anyµ-measurable functionφ.

Lemma 6. For 1 ≤ k ≤ n, we have

‖(I − Ek)φ‖∞ ≤ V(n,ε)
k (φ).

Proof of Theorem 4. Let p be the biggest ofp0 = p(ε) in Lemma 4 and ofq0 in
Lemma 5. Forn ≥ k + p, we havePn = PnPk+p. WriteQk+p = Pk+pEk. We have

Pn = Pn(I − Ek) + PnEk = Pn(I − Ek) + PnQk+p.

By induction, we have

Pn = Pn(I − En0) + PnQn0+p

= Pn(I − En0) + Pn[(I − En1) + Qn1+p]Qn0+p

= Pn(I − En0) + Pn(I − En1) + PnQn1+pQn0+p

· · ·

= Pn

[
(I − En0) +

%∑
j=1

(I − Enj
)

j−1∏
i=0

Qni+p +
%−1∏
i=0

Qni+p

]
.

By using the fact‖Pnφ‖∞ ≤ ‖φ‖∞, Lemma 6, and Lemma 4, we have

‖Pnφ‖∞ ≤ ‖(I − En0)φ‖∞

+
%∑

j=1

∥∥∥∥(I − Enj
)

j−1∏
i=0

Qni+pφ

∥∥∥∥
∞

+
∥∥∥∥

%−1∏
i=0

Qni+pφ

∥∥∥∥
∞

≤ V(n,ε)
n0

(φ) +
%∑

j=1

V(n,ε)
nj

( j−1∏
i=0

Qni+pφ

)
+ γ %‖φ‖∞.
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Let φj = ∏j−1
i=0 Qni+pφ. Then

φj =
j−1∏
i=0

Qni+pφ = Qnj−1+pφj−1 = Pnj−1+pEnj−1φj−1.

Here φ̃j = Enj−1φj−1 is Qnj−1-measurable. From Lemma 5 and the fact‖φ̃j‖∞ ≤
‖φ‖∞, we get

V(n,ε)
nj

( j−1∏
i=0

Qni+pφ

)
= V(n,ε)

nj
(Pnj−1+pφ̃j )

≤ K‖φ‖∞ω̃(λ−(nj−nj−1)c2ελ
p).

On the other hand,

V(n,ε)
n0

(φ) ≤ sup
dn0(x,y)≤c2ε

|φ(x) − φ(y)| ≤ �(c2ελ
−n0).

Thus we obtain

‖Pnφ‖∞ ≤ �φ(c2ελ
−n0) + K‖φ‖∞

%∑
j=1

ω̃(λ−(nj−nj−1)c2ελ
p) + γ %‖φ‖∞.

Because ofPnφ(x) = (L̃nφ)(f n(x)) and the surjectivity off n, we now get

‖L̃nφ‖∞ ≤ �φ(c2ελ
−n0) + K‖φ‖∞

%∑
j=1

ω̃(λ−(nj−nj−1)c2ελ
p) + γ %‖φ‖∞.

For generalλ > 1, first take an integerθ > 1 such thatλθ > 3 and consider the
local expanding and mixing mapg = f θ . Then consider the normalizatioñLg of the
Ruelle operatorLg. Then, there are constants 0< γg < 1, pg ≥ 0, Kg > 0 such that
for anyφ having mean value zero with respect toµ and any integer partition of[1, n],
1 ≤ n0 < n1 < · · · < n%−1 < n% ≤ n, satisfyingnj − nj−1 > pg,

‖L̃n
gφ‖∞ ≤ �φ(c2ελ

−θn) + Kg‖φ‖∞
%∑

j=1

ω̃(λ
−θ(nj−nj−1)
g c2ελ

p) + γ %
g ‖φ‖∞.

This, together with the fact̃Ln
g = L̃θn

f , implies the desired result.��

Proof of Theorem 3. The relations betweenL andL̃ and betweenL∗ andL̃∗ are

Lnφ = ρnhL̃n(φh−1) and L∗nν = ρnh−1L̃∗n(hν).

Let µ = hν. Then〈ν, φ〉 = 0 iff 〈µ, φh−1〉 = 0. Therefore,

‖ρ−nLnφ‖∞ ≤ ‖h‖∞‖L̃n(φh−1)‖∞.
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However, denotinghmin = minx h(x) we have

�φh−1(t) ≤ (hmin)
−2‖φ‖∞�h(t) + (hmin)

−1�φ(t).

Notice thath ∈ Hω̃. By Theorem 4, there is a constantC > 0 such that

‖ρ−nLnφ‖∞ ≤ C

(
�φ(c2ελ

−n0) + ‖φ‖∞
%∑

j=0

ω̃(λ−(nj−nj−1)c2ελ
p) + γ %‖φ‖∞

)
.

��

4. Examples

If ω(t) ≤ Ctα for some constantsC > 0 and 0< α ≤ 1, thenω̃(t) ≤ C̃tα for another
constantC̃ > 0. In this case,Hω = Hω̃ = Cα is theα-Hölder continuous space and it is
known that the convergence speed is exponential (cf. [Bo,PP]), i.e. there are constants
C > 0 andϑ > 0 such that for anyφ ∈ Cα,

‖ρ−nLnφ − 〈ν, φ〉h‖∞ ≤ Ce−ϑn (n ≥ 1).

Moreover,L : Cα → Cα is quasi-compact (see [PP,He]).
Whenψ is less regular,‖ρ−nLnφ−〈ν, φ〉h‖∞ for φ ∈ Hω may not have exponential

decay. Our result will show different speeds for the decay of

‖ρ−nLnφ− < ν, φ > h‖∞
whenω satisfies the Dini condition. Following are some illustrating examples.

Corollary 1. Suppose α, β > 1 and

ω(t) = 1

| log t |β and ω0(t) = 1

| log t |α .

Suppose 0 < ψ ∈ Hω is the potential and φ ∈ Hω0 is any function such that
∫
φdν = 0,

then there exists a constant C > 0 such that

‖ρ−nLnφ‖∞ ≤ C
(logn)max{α,β}

nmin{α,β−1)
(n ≥ 1).

Proof. Note thatω̃(t) = O(| log t |β−1). Apply Theorem 2 by choosing

n0 = nj − nj−1 =
[

n

logn

]
(1 ≤ j ≤ %) with % = [c logn] − 1,

where[x] denotes the integral part of a real numberx andc > 0 is chosen sufficiently
large. We get

‖ρ−nLnφ‖∞ ≤ C′
((

logn

n

)α

+ (logn) ·
(

logn

n

)β−1

+ γ c logn

)

≤ C
(logn)max(α,β)

nmin(α,β−1)
,

whereC′, C > 0 are two constants.��
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Corollary 2. Suppose ω(t) = e−α| log logt |β (α > 0, β > 1). Suppose ψ ∈ Hω is the
potential and φ ∈ Hω is any function with

∫
φdν = 0. Then for any ε > 0 there exists

B = B(α, β, ε) > 0 such that

‖ρ−nLnφ‖∞ ≤ Be−(α−ε)(logn)β , (n ≥ 1).

Proof. We show first the estimate (t being small)

ω̃(t) ≤
∫ t

0
e
−α(log log 1

ξ
)β dξ

ξ
≤ C

| log t |
| log log 1

t
|β−1

· e−α| log log 1
t
|β .

In fact, by making successively two changes of variablesu = | logξ | andv = u/| log t |,
we get

ω̃(t) ≤
∫ ∞

| log t |
e−α| logu|β du

= | log t |
∫ ∞

1
e−α(logv+(log log 1

t
)β dv.

By using the inequality(1 + x)β ≥ 1 + βx (β ≥ 1, x ≥ 0), we get

ω̃(t) ≤ | log t | · e−α(log log 1
t
)β ·

∫ ∞

1
e−βα(log log 1

t
)β−1 logvdv.

Now note that the integrand in the last integral is actually a polynomial and its integral
is equal to (

βα(log log
1

t
)β−1 − 1

)−1

.

Apply Theorem 2 by choosing

n0 = nj − nj−1 =
[

n

logq n

]
(1 ≤ j ≤ %) with % = [

logq n
]− 1,

whereq > β. We get that, up to a multiplicative constant,‖ρ−nLnφ‖∞ is bounded by
the sum of the following three terms:

e−α(logn−q log logn)β ,

logq n · n − logq n

(logn − q log logn)β−1 · e−α(logn−q log logn)β ,

and

elogγ logq n.

To finish the proof, it suffices to note that the second is the biggest and it is bounded up
to a constant byBe−(α−ε)(logn)β . ��
Corollary 3. Suppose ω(t) = e−α| log t |β (α > 0,0 < β < 1). Suppose ψ ∈ Hω is the
potential and φ ∈ Hω is any function with

∫
φdν = 0. Then there exists B = B(α, β) >

0 and C = C(α, β) > 0 such that

‖ρ−nLnφ‖∞ ≤ Be−Cn
β

1+β
, (n ≥ 1).
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Proof. We show first the estimate

ω̃(t) ≤
∫ t

0
e−α| logξ |β dξ

ξ
≤ | log t |1−β · e−α| log t |β .

By making the change of variablesu = | logξ |, we get

ω̃(t) ≤
∫ ∞

| log t |
e−αuβ

du.

So, it suffices to show that for anyR > 0,∫ ∞

R

e−αuβ

du ≤ CR1−βe−αRβ

.

Observe that forz ≥ 1, ∫ ∞

z

e−x2
xdx = 1

2
e−z2

∫ ∞

z

e−x2
xadx = 1

2
za−1e−z2 + a − 1

2

∫ ∞

z

e−x2
xa−2dx.

Let a ≥ 1 and letq be the smallest integer such thata − 2q ≤ 1. Applyingq times the
last equality enables us to get

∫ ∞

z

e−x2
xadx ≤ C

(
za−1e−z2 +

∫ ∞

z

e−x2
xa−2qdx

)

≤ C

(
za−1e−z2 +

∫ ∞

z

e−x2
xdx

)

≤ C′za−1e−z2
.

Now to obtain the claimed inequality, it suffices to apply the above inequality to the
right-hand side of the following equality:∫ ∞

R

e−αuβ

du = 2

βα
1
β

∫ ∞
√
αRβ

e−x2
x

2
β
−1

dx.

Apply Theorem 2 by choosing

n0 = nj − nj−1 = [
n

1
1+β
]

(1 ≤ j ≤ %) with % =
[
n

β
1+β

]
− 1.

Then up to a multiplicative constant,‖ρ−nLnφ‖∞ is bounded by

e−αn
β

1+β + n1−βn
1−β
1+β e−αn

β
1−β + elogγ ·n

β
1+β

.

It is clear that each of the above three terms is bounded byCe−Bnβ
when

B > max(α, | logγ |). ��
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5. Applications

5.1. Correlations. Suppose(X, d) is a compact metric space andf is an expanding
and mixing dynamical system onX. Supposeψ is a potential function inHω, where
ω is a modulus of continuity satisfying the Dini condition. Letµ = hνψ be the Gibbs
measure associate toψ . ThenL̃∗µ = µ andµ is f -invariant (forL̃(φ ◦ f ) = φ). For
a continuous functionφ ∈ C, φ ◦ f n is a stationary process defined on the probability
space(X,µ). Its correlation is defined by

D(n) =
∫

(φ ◦ f n)φdµ −
(∫

φ dµ

)2

.

We have

Theorem 5. Under the same condition as in Theorem 2,

|D(n)| ≤ C‖φ‖∞
(
�φ(c2ελ

−n0) + ‖φ‖∞
%∑

j=0

ω(λ−(nj−nj−1)c2ελ
p) + ‖φ‖∞γ %

)
,

where 1 ≤ n0 < n1 < · · · < n% ≤ n with nj − nj−1 > p and C > 0 is a constant.

Proof. Let φ̃ = φ − 〈µ, φ〉. Then
∫
φ̃dµ = 0 and

D(n) =
∫

(φ̃ ◦ f n)φ̃dµ = 〈µ, (φ̃ ◦ f n)φ̃〉.

But

〈µ, (φ̃ ◦ f n)φ̃〉 = 〈L̃∗nµ, (φ̃ ◦ f n)φ̃〉 = 〈µ,Ln((φ̃ ◦ f n)φ̃)〉 = 〈µ, φ̃Lnφ̃〉.

So|D(n)| ≤ ‖φ̃‖∞‖L̃nφ̃‖∞. Thus the claimed result follows from Theorem 2.��

5.2. Central limit theorem. The other way to describe the statistical properties of a
dynamical system is the central limit theorem. For expanding and mixing dynamical
systems, the central limit theorem holds thanks to Theorem 2.

Theorem 6. Let

ω(t) = 1

| log t |2+ε
and ω0(t) = 1

| log t |1+ε
(ε > 0).

Suppose 0 < ψ ∈ Hω is a potential and µ = hνψ is the Gibbs measure associate to ψ

(µ is f -invariant). For any φ ∈ Hω0, we have

lim
n→∞µ


x :

n−1∑
j=0

φ ◦ f j − n

∫
φdµ ≤ t

√
n


 = 1√

2πσ

∫ t

−∞
exp

(
− x2

2σ 2

)
dx,

where σ 2 = −Eφ2 + 2
∑∞

j=0 E(φ · φ ◦ f j ), Eφ denoting 〈µ, φ〉.
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Proof. Without loss of generality, assume
∫
φdµ = 0. LetB be the Borelσ -field. For

n ≥ 1, let Bn = f−nB. DefineV φ = φ ◦ f for φ ∈ L2(ν). Let V ∗ be the adjoint
operator ofV : L2 → L2. By Theorem 1.1 of [Li], it suffices to show the convergences
of the following two series:

∞∑
n=0

|E(φV nφ)| < ∞,

∞∑
n=0

E|V ∗nφ| < ∞.

SinceL̃∗µ = µ,

E(φV nφ) = 〈µ, φ · V nφ〉 = 〈L̃∗nµ, φ · V nφ〉 = 〈µ,Ln(φ · V nφ)〉 = 〈µ, φLnφ〉.
So

|E(φV nφ)| ≤ ‖φ‖∞‖L̃nφ‖∞.

Then, by Corollary 1, we have

|E(φV nφ)| = O

(
(logn)2+ε

n1+ε

)
.

Thus we get the convergence of the first series. On the other hand, observe thatV ∗φ =
L̃φ. So

E|V ∗nφ| ≤ ‖L̃nφ‖∞ = O

(
(logn)2+ε

n1+ε

)
.

The convergence of the second series follows.��
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