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Abstract: We study Ruelle operators on expanding and mixing dynamical systems with
potential function satisfying the Dini condition. We give an estimate for the convergence
speed of the iterates of a Ruelle operator. Our proof avoids Markov partitions. This is
the second part of our research on Ruelle operators.

1. Introduction

Let X be a compact metric space with metrdcand f : X — X be a continuous
map. The coupléX, f) is called a dynamical system. Lét: X — R} be a strictly
positive continuous function, callechatential. The Ruelle—Perron—Frobenius operator
L = Ly, simply called the Ruelle operator, is defined as

Lo = Y v(MK)
yef~tm

for ¢ in a suitable space of functions & The Ruelle operator is an important tool in the
study of dynamical systems. The famous Ruelle theorem deals with spectral properties
of £ and then implies the convergence of the powergofJnder the setting of an
expanding and mixing dynamical system with a Dini potential, the Ruelle theorem is
proved in the first part of our study [FJ]. (See also [Rul,Ru2, Bo, Wa] for different proofs
under different settings.)

In this paper, we present our results on the convergence speed of the powers of
Ourresultis new in the general setting that we consider here. Our method may also work
in the setting considered in [Wa], where no convergence speed was studied.

Recall that a dynamical systegfion X is said to bdocally expanding if there are
constants. > 1 andb > 0 such that

d(f(x), f(y)) = rd(x,y), x,yeX, d(x,y) <b.
* Supported in part by NSF grants and PSC-CUNY awards.
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We call (A, b) a primary expanding parameter. It is said to bemixing if for any non-
empty open s&lV of X, there is an integer > 0 such thatf” (U) = X. For anyn > 0,
we define a new metrig, on X, called then-Bowen metric, as

du(x,y) = Max d(f (). f7())-

The n-Bowen ball centered att € X of radiusr > 0 is denoted byB, (x, r). The
0-Bowen metric is just the original metriton X.

Let C = C(X,R) be the space of all continuous functiops: X — R with the
supremum norm

[1#lloo = Max|¢ (x)].

For a right continuous and increasing function Rt — R* with »(0) = 0 (called
modulus of continuity), we defineH® = H® (X, R) to be the space of all functiogse C
satisfying
X) —
(6], = sup l&( 16 -

x,y€X,0<d(x,y)<a w(d(x, y))

(The number > 0 will be chosen and fixed later.) A modulus of continuity) is said
to satisfy theDini condition if

1

t

/ wdt < 00.
0 t

For such a Dini functiom, define
o
o) = Zw(r"t).
n=1

Itis easy thato is also a modulus of continuity.

Let M be the dual space @ and let£* : M — M be the dual operator of
L : C — C. For any measure € M and any functionp € C, we use(v, ¢) to denote
the integral ofp with respect ta.

Let us recall the Ruelle theorem that we proved in [FJ].

Theorem 1 (Ruelle Theorem Suppose that  is a Dini modulus of continuity and
¥ € H®.\We have the following statements:

1. There exists a strictly positive number p and a strictly positive function 7 € H® such
that Lh = ph.

2. There exists a unique probability measure v = vy, € M suchthat L*v = pv.

3. For sufficiently small » > 0, thereisa constant C = C(r) > 0 such that

1 v(Bn(x, r))

< C (Gibbs propert
=G S ( property)

holdsfor all x € X andn > 1, where G, (x) = [T/Zg ¥ (f/x).
4. Take h in (1) such that (v, k) = 1. Then for any ¢ € C,

p "L — (v, p)h as n — oo.
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Notice that the function belongs toH® but not toX®, in general.

Our concern in this paper is the convergence speed 6£"¢. Such speeds will
provide us with good knowledge on the statistical properties of the dynamical system.
We shall see that the convergence speed depends on the regularitiesyfaraiy. For
any functionp, denote by&2(¢) its modulus of continuity defined by SHR. vy </ 16 (x) —
¢ (y)|. Our main result in this paper is the following.

Theorem 2. Make the same assumptions as in Theorem 1. Take an eigenfunction &
(associated to the eigenvalue p) such that (v, #) = 1. Thenfor any € with0 < c2¢ < q,
c2 = 2)0/(A —1) , thereexist constants0 < y < 1, p > 0, C > 0 such that for any
n>1any¢ € C,anyinteger partitionof [1,n],1 <ng<ny <--- <ng_1 <ng <n,
satisfyingn; —nj_1 > pfor1 < j < £ (letn_1 = 0), we have

o™ L — (v, $)hlloo

4
= C(Qp(c2e2™) + Bl Y DO ez ") + pllocy*).
j=0

Our result in the general setting unifies to some extent the existing ones (see [FP]).
Our method is completely different and seems simple. Markov partitions are not needed,
unlike what one could expect. That is one reason for the simplicity of the method. In the
place of the Markov partition, we need a non Markovian partition which is very easy to
construct and may be adapted to the setting studied in [Wa].

The article is organized as follows. In Sect. 2, we will recall some properties of
an expanding and mixing dynamical system and construct non Markovian partitions. In
Sect. 3, we will prove our main result (Theorem 2, also Theorems 3 and 4). In Sect. 4, we
will give some examples providing different kind of convergence speeds (polynomial,
superpolynomial, subexponential, etc). In Sect. 5, we will apply the main result to get
decays of correlation and the central limit theorem.

2. Construction of Non-Markovian Partitions

For a locally expanding dynamical syst&iX, f) with expanding primary parameter
(A, b), the restrictionf : B(x, b’) — f(B(x, b)) is homeomorphic for any € X and

0 < b < b. Moreover, there is an integery > 0 such that #f ~1(x)) < mg for any

x € X and for anyx € X and any O< r < b, we have

Bi(x,r) € Beoa(x, A7) (k= D).
Some further properties listed below are proved in [FJ].

Proposition 1. Suppose f is a locally expanding and mixing dynamical system with a
primary expanding parameter (1, b).

1. Thereisaconstant 0 < a < b such that for any x € X with f~1(x) = {x1, - -+ , x,},
therearelocal inverses gy, - - - , g, of f defined on B(x, a) suchthat g;(x) = x; and
gj(B(x,a)) (1 < j <n)arepairwisedigoint.

2.Leta > 0 bea constant in (1). We have #(f ~1(x)) = #(f~1(y)) if d(x, y) < a.
Furthermore, we can arrange f~1(x) = {x1,--- ,x,} and f~1(y) = {y1, -+ , yn}
so that

d(x,y)

d(xj,yj) < 1=j=n.
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3.Leta > Obeaconstantin(1). 1f0 < r < a, themap

I Bu(x,r) > B(f"(x),r)

is a homeomorphism.
4.Leta > 0bea constant in (1). Then for any 0 < r < g, thereisaninteger p =
p(r) > 1suchthat fP(B(x,r)) = X for any x € X. Moreover, for any x, y € X,

L<#(f P (y) N By(x, 1)) < mfy.

Let a be a constant in (1). We call the pdix, a) anexpanding parameter for f.
Henceforth we supposg is a locally expanding and mixing dynamical system with a
fixed expanding parametéx, a).

Now we are going to construct a sequence of partitions efhenx > 3. Denote

A—3 and 2)
1= — 2= ——.
1= 2731
Lete be areal number satisfying that2¢ < a.Let{xs,---, x,,} bea2-netin(X, d),

thatis to say, the baliB(x;, €)}1< <, are disjoint and the ballsB (x ;, 2¢)}1< j <, form
a cover ofX. Define

A1 = B(x1,2€) \ (B(x2,€) U+ U B(xp, €)),
Aj=B(x]‘,26)\(A]_U'~-UAj,1) 2<j<m).

Thus we get a partitioo = {A ;} of X such that
B(xj,e) S A; S B(xj,2) (1<j<m).

Foranyn > 1and 1< j < m, the inverse undef” of every A; is composed
of disjoint sets (called components), each of which contaids-laall of radiuse and
is contained in ail,-ball of radius 2 (Proposition 1 (3)). More precisely, for each
component, f* : A — A; is homeomorphic and

Bn(ca,€) S A C By(ca, 2¢),

wherecy, € A and f"(ca) = x;. We callcy the center of A. The set of all such
componentsA form a partition, which we denote bR, . It is worthy to note that if
n>k>1landifA € P,, we havef"A € P,—r. HoweverP, is not necessarily a
refinement of?. In the following, we will modify{ P, };_, to get a new (finite) sequence
of partitions{Qy };_, such thatQ, . 1 is a refinement o).

Proposition 2. Suppose & > 3. For anyn > 1 and € such that O < cz¢ < a, thereare
partitions Qi (0 < k < n) such that

1. Qi1 isarefinement of O (0 < k < n).
2. Any element in Q; contains a di-ball of radius c1e and is contained in a di-ball of
radius coe.
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Proof. We constructQ (0 < k < n) by induction onk (decreasing from to 0). First
takeQ, = P,. ForA € P,_1, let

A= UDEQ,,: CDGADﬂ
wherecp is the center oD € Q,, = P,. We claim that
By-1(ca, e(L—2.71)) € A C Byafea, 261+ 27H).

In fact, suppose that the centgy of D € Q, is outsideA. SinceA contains thei,_1-
ball Bn_l(cA, e) of radiuse centered at 4, d,_1(ca, cp) > €. This implies that for
z€ D C By(cp, 2¢) C By—1(cp, 2¢/1) we have

du-1(ca, 2) > dy—1(ca, cp) —dy_1(cp,2) > (L —2271).

Thus we have proved the first inclusion. On the other hand, suppose that thecgenter
of D € Q, is insideA. SinceA is contained in a,_1-ball B,_1(ca, 2¢) of radius

2¢ centered aty, d,—1(cp, ca) < 2¢. This implies that for; € D € B,(cp, 2¢) C
B,_1(cp, 2¢/1), we have

dn-1(z, ca) < dy—1(z, cp) + du-1(cp, , ca) < 2171 4 2¢ < 2¢(1+271).

Thus the second inclusion is proved. All theséorm Q,,_1. Again we callc ; = ca the

center ofA in Q,_1. In case there is no confusion, we will still udgwithout tilde) to
mean an element i@,,_1. Let

si=e(l—227Y, n=2e1+217Y.

Suppose we have construct@q_—1) (2 < k < n) such thatforany) € Q,_ -1
we have
Bu—-1(cp, sk-1) S D C By—k-1)(cp, k1),

wherecp is the center oD. ~
Now for anyA € P,_y, define an elemem of 9, _; as follows:

A = UDEQn,kJrl: CDEAD‘
Let cs be the center ofi. We claim that
By_i(ca,€ —tk—1) € A C Byx(ca, 2¢ + tk—l)fl)-

In fact, A in P,_; contains theaid,_;-ball B,,_;(ca, ¢) and is contained in thé,_-
ball B,_k(ca, 2¢). SupposeD is in Q,_x-1) Whose centerp is outsideA. Then
dn—k(ca, cp) = €. Hence, forany. € D € B,_—1)(cp, ti—1) € Bu—k(cp, tk—1271),
we have

-1
dn—i(ca,2) = dp—i(ca,cp) —dp—i(cp,2) = € — 1A~ > € —tr_1.

This proves the first inclusion in the claim. On the other hand, for eleity Q,,_x—1)
whose centetp is in A, we have thatl,_(ca, cp) < 2¢ and that for any, € D C
Bu—(—1)(cp, tk—1) € By—i(cp, i1 ™Y), dy—k(z, cp) < tr—1r~L. Thus,

dn—k(z, ca) < dn—i(z,cp) + dy_i(cp, ca) < 2€ + 13127 %.



148 A. Fan,Y. Jiang

This is the second inclusion in the claim. Now let
sk =€ —tar T and 4 = 2€ + 1AL
For anyA in Q,_,
Bu_i(ci, 5) € A S Bui(cz. 1),
wherec ; = c4 is the center ofd. An easy calculation shows that

A— A1k

2(1 — A~ k+D)
=)

th =2
k=€ A—1

and s; = e(l—

We see that; < cpe and that forh > 3,5 > c1€ > 0. So we have completed the proof.
O

3. Convergence Speeds of Ruelle Operators
We give here a proof of Theorem 2. '
Lets = minyex ¥ (x). Let Ko = [¥]n/s. Foranyx,y € X, letx; = f'(x) and
yi = f'(x) fori > 0. The following distortion property is easy to obtain by using the
factd(x;, y;) < A" 7'd(x,, y,) for 0 <i < n (a detailed proof is given in [FJ]).

Lemma 1 (Naive Distortior). For any x, y € X withd, (x, y) < a,

G ()
' log (Gn (y))

where G, (x) = H;f;(l) ¥ (f7x).

< Ko (d(xn, yn)),

Giveng e C. Letd = ¢ — (v, ¢)h. Then we havg ¢dv = 0. And moreover,

p "L =p "L — (v, P)h

and|¢llee < (14| lloo) ¢ ]l Therefore, Theorem 2 is a consequence of the following
theorem.

Theorem 3. Make the same assumptions as Theorem 2. Then for any € such that 0 <
c2¢ < a, there exist constants0 < ¥ < 1, p > 0, C > 0 such that for any n > 1,
any ¢ € C such that (v, ¢) = 0, any integer partitionof [1,n],1 <ng<ng < --- <
ng_1 < ng < n,satisfyingn; —nj_1 > pforl<j<¢(letn_1 = 0), wehave

14

lp™" L plloo < C<Q¢(026)»_"°) +lplloo Y d(APeaer™ "m0y + ||¢>||ooy‘>.
j=0

Instead of working with the operatat, we shall work with its normalizatioit,
which is defined as follows. Let
h

1/f=1ﬁphof-
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Define .
Lo)y =Y TP

yef~x)

The important feature fof is that£1 = 1. Denote

Gu(x) = ﬁ&(ff(x» = G — 18
o0 p" ho fr(x)

Then we have the expression

L'¢x)= > Ga(»PW).

yef~t
The following lemma is an easy consequence of Lemma 1.

Lemma?2. Let K1 = Ko + 2[h];/ minh. For any x, y € X withd, (x, y) < a,

Gn(x)>
lo ~
’ 9 (Gn(y)

Moreover, if K = K1eX19@ we have

< K10(d (xp, Yn))-

1

‘M — 1| < K&(d(xp, yn)).

Gn(y)

Remark that for 0< § < ¢ and 1< k < m, by Lemma 2 we have
G
) 1‘; dn(x, y) = a} < K&~ D),

Su
p{ Gr(»)

Letv bethe measurein Theorem 1 (2) and takeTheorem 1 (1) suchthéat, ¢) = 1.
Let u = hv (the Gibbs measure). We will show that Theorem 3 follows from the
following theorem.

Theorem 4. Makethe sameassumptionsasin Theorem2. Thenfor any e withO < cpe <
a,thereexistconstantsO < y < 1, p > 0, K > Osuchthatforanyn > 1,any¢ € C such
that (i, ¢) = 0, any integer partitionof [1,n], 1 <ng <ni < --- <ng_1 < ng < n,
satisfyingn; —nj_1 > pfor 1 < j < ¢, wehavethat

14

12" llco = 2p(c26r™"®) + Kliglloo 3 3" " eger?) + I llcy "

Notice that the sum in the inequality of Theorem 3 is taken over < ¢, while
that in the inequality of Theorem 4 is taken ovexlj <.

To prove Theorem 4, we will need several lemmas. The first one has its own interests.
It is simple but decisive.
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Lemma 3. Let (2, A, 1) beameasure space. Let 0 < o < 8 < oo be two constants.
Thereexistsa constant 0 < y = y(a, B) < 1 such that the inequality

Vd)xdu

holds for any measurable function x such that « < x(x) < B and any integrable
function ¢ suchthat [ ¢du = O (the optimal y is (B — «)/(B + @)).

< )/flaﬁlxdu«

Proof. The special case (corresponding to the discrete measwé; + 52)
lx1 —x2l < y(x1+x2) (¢ <x1,x2<p)

is trivial. Now without loss of generality, we assume that

pdp = — ¢pdp =1
¢>0 ¢<0

Apply the special case to

X1 = pxdu, x2=-— dxdu.
¢>0 ¢<0

Sincea < x1, x2 < B, we have

’/qﬁxdu‘ = |x1 —x2| S y(x1+x2) = V/ lplxdu. O

The mainidea of the proof of Theorem 4 is to introduce a sequence of linear operators
P = {P,};2, defined as

Pap)=L"(f"N = > F»eO).
YELT(M (X))
As we have seen in [FJ] th&, is positive,P,1 = 1 and
PyPy=PPy=P, (m=n=1.

Assume for the moment > 3. Fixn > 1 ande such that O< cpe < a. Let O,
(1 < k < n) be the partitions constructed in Proposition 2. Let us still@sé¢o denote
theo-algebra generated ;. LetE; = E(-|Qy) be the conditional expectation with
respect toQ; on the probability spaceX, w).

Lemmad4. Let po = p(e¢) be a fixed integer in Proposition 1 (4). Then there exists a

constant 0 < y < 1 depending only upon € and ( f, ) such that for any ¢ € L*°(u)
with (u, ) = 0,any p > po,andany k > 1,

I PitpErdlloo < ¥ I@lloo-
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Proof. Note that

PiypBrgp (x) = > Gy p(NEx$ ()
yef=®kEP(fp(x))

d -
-y e G

AeQy M( ) yeAN f=k+p) (fk+p (x))

By Propositions 1 (4) and the Gibbs property in Theorem 1 (3), there is a constant
Co = Co > O such that

_ 1 ~
Col=s—— > Girp(y) < Co.

. yeANf=kEP(fh+r (x))

So Lemma 3 implies that we have a constart ¢ = (Co — Cg1)/(Co + Cgh) < 1
such that

|pldp -
|Perp Bl <y ) IAT > Grip()
AeQy K yeANf—k+p) (fk+p(x))
<yl D > Girp(») =7 16l0o,

AeQp yeANf=*+R) (fF4P (x))

becaus{Aer ZyeAnff(k%»p)(fk#»p(x)) Gk+,,(y) =Pypl=1 0O

For any functionp defined onX, define

VE&O(@) = sup sup [¢p(x) —o()| (L<m <n).
AcQ,, x,yEA

This describes the variation @f on the partitionQ,, which depends on ande. A

function¢ is Q,,-measurable if V,S{”E)(qﬁ) =0, i.e.,¢ is a piecewise constant function
with respect taQ,, .

Lemma 5. For any € suchthat 0 < c2¢ < a, there existsa constant integer go > 1 such
that for any ¢ > go withn > m > k 4+ ¢ > k > 1 and any Q,-measurable ¢ we have

VO (Priad) < Kl@lloo@A ™" P crene).

Proof. SupposeA € Q,, andx,y € A. Let f % (fk(x)) = {x;} and f*(f*(y)) =
{v;}. By Proposition 2A is contained in ai,,-ball of radiusc,e. We may assume that
for eachj, x; andy; are contained in d,,-ball of radiuscze which is contained in a
dm—g-ball of radiuscoer 7. Takeqo such that

A0 > co/cy.
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Thenx; andy; are contained in &, _,-ball of radiuscie which is contained in d;-ball
of radiuscie becausen — g > k. As ¢ is Qi-measurablep (x;) = ¢ (y;). So,

|Phsq® () = Peyqd M| = > Grrgc)Gx)) = Gargr)Ne())
J J

= 18lloe 3 |Grra () = Grrg )|
J

00 é j
<ol ; kg (V) Gt

Grtq(x)) B 1'

< Kllglloo@™ " D e26) > Gryg(v))
J
< Kllolloo@r ™" P caer?).

We have used the remark after Lemma 2 and the@;ﬁk(xj) =Pl=1 0O
The following lemma is obvious for any-measurable functios.

Lemma6. For 1 < k < n, we have

I = Edlloo < V().

Proof of Theorem 4. Let p be the biggest opg = p(¢) in Lemma 4 and ofjg in
Lemma 5. Fon > k + p, we haveP, = P, Piy . Write Q. , = PiypEi. We have

P, =P, _Ek)+Pn]Ek =P, _]Ek)+Pan+p-
By induction, we have

P, = Py(I —Epy) + Py Qnotp
= Pn (I - Eno) + Pn[(l - Enl) + Qn1+p]Qno+p
= Pn(l - IEno) + Pn([ - Enl) + Pn Qn1+ano+p

14 Jj-1 -1
=P, [(1 —Bug) + D I =Eu)) [] Quitr + ] Qn,-+p}-
j=1 i=0 i=0

By using the fact| P, ¢l oo < ll¢]lc0, Lemma 6, and Lemma 4, we have

[ Padplloo = 11 — Eng)@lloo

¢
+2
j=1

j—1
(I-E.)]] Qn,.+p¢‘ +
i=0 0

-1
1_[ Qni+ﬂ¢
i=0

‘ ]

4 j—1
<Ve@) + Y v ( I1 Qn,.+p¢) +7 19 loo-
j=1 i=0
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Letg; = 1‘[-{;3 Oni+p®- Then

j—1
¢] = 1_[ Qn,-+p¢ = an71+p¢j71 = Pnj,1+pEnj71¢jfl.

i=0

Here¢3j = En, 1¢j-1is Qn,; ,-measurable. From Lemma 5 and the fﬁﬁylloo <
lélloo, We get

ymo ( H Qupis8 ) = VI P 1)

< K|l lloo@(A ™=V cpeP).
On the other hand,

V@) < sup ¢ (x) — ¢()] < Q(c2er ™).

dng (x,y)=c2e€

Thus we obtain

14

1Paglloc < Q2p(c2er™) + Kllglloo D @A™ " Ve2ed?) + 1§l oo-
j=1

Because of?,¢ (x) = (£"¢)(f"(x)) and the surjectivity off”, we now get

14

1279 lloc < Qg(c2eA™) + K lBlloo Y AL eo6h?) + 7 [9loc.

For general > 1, first take an intege? > 1 such that’ > 3 and consider the
local expanding and mixing map = f?. Then consider the normalizatidﬁg of the
Ruelle operatol,. Then, there are constants0y, < 1, p, > 0, K, > 0 such that
for any ¢ having mean value zero with respectit@nd any integer partition dfl, ],
l<ng<nyi<---<ng_1<ng<n,satisfyingn; —n;_1 > pg,

AU
122 llo0 < (262" + Kylibllos w(x D e nP) 4yl lso
8
j=1

This, together with the facf? = £%", implies the desired result.0

Proof of Theorem 3. The relations betweefi andZ and betweert* andZ* are
Ll = p"hL(ph™Y and L£v = p"h 1L (hv).
Letu = hv. Then(v, ¢) = Oiff (u, ph~1) = 0. Therefore,

™" L plloo < 1lloo | £ (h ™ lco-
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However, denotingmin = min, k2(x) we have
Qpp-1() < (hmin) “2[blloo 24 (1) + (Amin) " Q2 (1).

Notice thath € H®. By Theorem 4, there is a constait> 0 such that

14

lp™" L lloo < C<Q¢(026)»"°) +lplloo Y @OV eger?) + y‘nqsuoo).
j=0

]

4, Examples

If w(t) < Ct* for some constants > 0 and O< o < 1, thena(t) < Ct® for another
constanC > 0. In this caseH® = H® = C“ is thew-Hoblder continuous space and it is
known that the convergence speed is exponential (cf. [Bo, PP]), i.e. there are constants
C > 0 andy > 0 such that for ang € C%,

oL — (v, $)hlloo < Ce™™"  (n > 1).

Moreover,L : C* — C“ is quasi-compact (see [PP, He]).
Wheny is lessregulat| o™ L"¢ — (v, ¢)h| 0 fOr ¢ € H® may not have exponential
decay. Our result will show different speeds for the decay of

o™ L'~ < v, ¢ > hlleo
whenw satisfies the Dini condition. Following are some illustrating examples.
Corollary 1. Suppose«, 8 > 1 and

w(1)

and wo(?) =

~ Jlog:|? llogr|®”

Suppose0 < ¥ € H® isthepotential and ¢ € H“° isany functionsuchthat [ ¢dv = 0,
then there exists a constant C > 0 such that

nom (log n)maxie.B}
07" £ Bl < CR—— (02 D
Proof. Note that(r) = O(|logz|#~1). Apply Theorem 2 by choosing
no=nj—nj_1= [%} (1<j<0 with ¢=[clogn]—1,
’ n

where[x] denotes the integral part of a real numbeandc > 0 is chosen sufficiently
large. We get

logn \* logn\#~1
||p—"£”¢||oosc’<<%) +(Iogn>-( 3") +y""°g")

(|og n)max(a,ﬁ)
nMmin(e, =1’

whereC’, C > 0 are two constants.O
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Corollary 2. Suppose w (1) = e~¢!10910911” (4 = 0,8 > 1). Suppose ¥ € H® isthe
potential and ¢ € H* isany function with [ ¢dv = 0. Then for any ¢ > O there exists
B = B(a, 8, €) > 0 such that

107" L P llse < Be~@ 90Oy > 1),
Proof. We show first the estimate peing small)

~Jo & 7 |loglogl|p-1

In fact, by making successively two changes of variables|log&| andv = u/|logz|,
we get

o
(t) 5/ efa“Ongﬂdu

|logt|

OO 1
= |Iogt|/ o—a(logu+(oglogH)? ;-
1
By using the inequalityl + x)? > 1+ Bx (8 > 1, x > 0), we get
o(t) < |logz| . e—alloglog H)F /00 ,—Padloglog -y~ logu ;.
1

Now note that the integrand in the last integral is actually a polynomial and its integral
is equal to

1 71
<ﬂa(log log ?)ﬁ*1 - 1) )
Apply Theorem 2 by choosing

no=nj—nj—1=[ ] 1<j=<¢ wih K:[Iog"n]—l,

log? n

whereq > 8. We get that, up to a multiplicative constafit, ™" £" ¢ || is bounded by
the sum of the following three terms:

o—a(logn—glog logn)?

n—log?n
(logn — g loglogn)A—1

log? n o—(ogn—q log logn)?

and
elog ylog?n .

To finish the proof, it suffices to note that the second is the biggest and it is bounded up
to a constant byge—(@—ologm”

Corollary 3. Suppose w(r) = e~109"" (4 > 0,0 < B < 1). Suppose ¥ € H< isthe

potential and ¢ € H® isany functionwith [ ¢dv = 0. Thenthereexists B = B(«, ) >
Oand C = C(a, B) > Osuch that

B
lo "L lloo < Be~ """ (n > 1)
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Proof. We show first the estimate
t
o) < / e_““ngVSﬁ < ||Ogt|l—/5 .e—a|logt|f3'
~Jo § =

By making the change of variablas= | log&|, we get

o b
(1) 5/ e “"du.
[logt|
So, it suffices to show that for arfy > 0,
[e¢]
/ e~ gy < CRY PR’
R

Observe that for > 1,

[o,0]
1
f e_xzxdx = —e_Z2
B 2

/00 e_xzxadx = }za_le_zz + a1 /00 e_xzxa_zdx.
Zz 2 2 Z

Leta > 1 and letg be the smallest integer such that- 2¢g < 1. Applyingg times the
last equality enables us to get

o0 2 1 2 o0 2
/ e ¥ x%dx <C|z% et +/ e ¥ x4 gy
V4 Z

Now to obtain the claimed inequality, it suffices to apply the above inequality to the
right-hand side of the following equality:

o o0
—auP 2 2 2_
/ e "duy = — e x5 Ldx.
R Igaﬁ vaRP

Apply Theorem 2 by choosing
1 . B
ngp=nj—nj_1= [n1+ﬂ] 1l=<j=<¢ with ¢= [n1+ﬂ] -1
Then up to a multiplicative constanty ™" £L" ¢ ||« IS bounded by
B
I8

7 L _tE
e on B —i—nlfﬂnm ean B +elogy-n

It is clear that each of the above three terms is boundechyB”ﬁ when
B > max(, |logy]). O
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5. Applications

5.1. Correlations. SupposeX, d) is a compact metric space arfdis an expanding
and mixing dynamical system aXi. Suppose) is a potential function if{®, where

w is a modulus of continuity satisfying the Dini condition. Let= vy be the Gibbs
measure associate fo. Then£*; = p andy is f-invariant (for£(¢ o f) = ¢). For

a continuous functiow € C, ¢ o f" is a stationary process defined on the probability
space(X, u). Its correlation is defined by

2
<I>(n)=/(¢0f”)¢du— (/fﬁdu) .

Theorem 5. Under the same condition asin Theorem 2,

We have

4
1D ()] < C||¢||oo(sz¢<czex"°) +lglloe Y @ iVeperl) + ||¢||ooy‘>,
j=0

wherel <ng<ni<---<ng <nwithn; —n;_1 > pand C > Oisaconstant.

Proof. Let¢ = ¢ — (i, ¢). Then [ ¢dp = 0 and

®(n) = / G o fddu = (. G o ).
But
(1, B o fHP) = (L™, (o fHP) = (1, L (P o f)P)) = (1, pL"P).

So|®(n)| < ||l I £ |lso. Thus the claimed result follows from Theorem 23

5.2. Central limit theorem. The other way to describe the statistical properties of a
dynamical system is the central limit theorem. For expanding and mixing dynamical
systems, the central limit theorem holds thanks to Theorem 2.

Theorem 6. Let

w(t) and wo(?) = (e > 0).

- | Iogt|2+€ | |Ogt|1+€

Suppose 0 < ¥ € H® isapotential and 11 = hvy, isthe Gibbs measure associate to 1/
(u is f-invariant). For any ¢ € H®°, we have

n—1
. . 1 t 2
n||—>moo'u{x : Z¢off —n/¢dy,§tﬁ] = Nz /_Ooexp<—%>dx,

Jj=0

whereo? = —E¢? + 2 20E@ - ¢ o f7), E¢ denoting (u, ¢).
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Proof. Without loss of generality, assunfepd = 0. Let3 be the Boreb-field. For
n>1letB, = f"B. DefineVep = ¢ o f for ¢ € L?(v). Let V* be the adjoint
operator ofV : L? — L2. By Theorem 1.1 of [Li], it suffices to show the convergences
of the following two series:

oo

Y [E@V"$) < oo, Y EIV"¢| < oo.

n=0 n=0
Sincel*u = p,

E(@V"$) = (1, ¢ - V"¢) = (L1, ¢ - V") = (1, L (¢ - V" $)) = (1, pL" ).

So ~
E@V ")) < 9l L@l o-

Then, by Corollary 1, we have

; (logn)**
E@V'$)] = 0 (n1—+) .

Thus we get the convergence of the first series. On the other hand, observéghat
Lo. So

. . (logn)+e
EIV*¢| < I1£"¢]loc = O <31—+) .

The convergence of the second series follows.
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