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Abstract

An algebraic integer is called artPisot number > 0) if its Galois conjugates have absolute
value less then. Let K be any real algebraic number field. We prove that the subsEtarfnsisting
of e-Pisot numbers which have the same degree as that of the field is relatively dense in the real
line R. This has some applications to non-stationary products of random matrices involving Salem
numbers.
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1. Introduction

We are dealing with special algebraic integers, including Pisot numbers and Salem
numbers. For basic definitions and results of algebraic numbers we suggest the book [4]
and for a survey on Pisot numbers and Salem numbers we suggest the book [6].

Definition 1.1. Let & > 0 be given. An algebraic integer is called aPisot numbeif all
its Galois conjugates have modulus less thaffhe usualPisot numbersorrespond to
1-Pisot numbers.
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Definition 1.2. An algebraic integer is called ®alem numbeif all its Galois conjugates
have modulus at most 1 and at least one conjugate lies on the unit circle.

Definition 1.3. A subsetE of real numbers is said to belatively densé there is a number
L such that for anyt € R we haveE N [x,x + L] #@.

Our main result is the following.

Theorem 1.4. Let K be areal algebraic number field. Then for any 0 the set ok-Pisot
numbers inK which have the same degree as that of the field relatively dense ifR.

Recall that a real algebraic number fiddof degreed is an extension of the fiel@ of
rational numbers by independent real algebraic numbers. It is also an extensiQnixf
a single algebraic number of degrée

A Salem number is always of even degree sayl.2lt has exactly one real Galois
conjugate inside the unit circle and all other Galois conjugates are pairwise complex
conjugates on the unit circle. We can write thenras/z, e/, e =11 . /%1 ¢=i%-1
whereo; e Rfori=1,...,d —1.

Corollary 1.5. Let r be a Salem number then for any> 0 the set ofA € R such that
At < e for all n € N is relatively dense iR, where| x| denotes the distance to the
rational integers of the real numbar.

Letr > 1 be a Salem number and I&: R — GL(RY) be a 1-periodic matrix-valued
Lipschitz function. Consider the matrix products

Pu(x) =M (" x) - M(tx)M (x).
Coroallary 1.6. Suppose that the entries &f are either identically zero or strictly positive.

Then the following limit exists for almost all pointe R with respect to the Lebesgue
measure and is independentof

1
lim = log| P, (x)||
n—oon
where||A| denotes the norm of a matrik.

Corollary 1.6 is a consequence of Corollary 1.5 and the following Kingman type
theorem proved in [1].

Theorem 1.7. Let (1), >0 be atotally Bohr ergodic sequence of real numbers @fidl, >0
be a sequence of uniformly almost periodic functions. Suppose

() The sequence:~!f,) has joint periods.
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(ii) The following subadditivity is fulfilled
Jotm ) < fu(x) + fin(uyx) fora.e.x andalln, m.
(i) Foranym > 1there existg,, (x) € L°(R) such that
fan(umx) < fu(x) + gm(x) fora.e.x andalln.

Then the following limit exists

lim Efn(x)zinf EMf,l for a.e.x.
n—-oon n n

We will explain in the proof the meaning of joint periods. Here we just recall that the
sequencépX) with g > 1 is totally Bohr ergodic and thatl f denotes the Bohr mean of a
uniformly almost periodic functiorf.

If T is an integer, Corollary 1.6 is well known as a special case of a theorem of
Furstenberg—Kesten [2]. {f is a Pisot number, Corollary 1.6 is obtained in [1].

To some extent, the result for Salem numbers in Corollary 1.5 is optimal in the sense that
& cannot be replaced by a sequepgéending to zero, even for a singleln fact, otherwise
At" has zero as limit (on the torus). However” is dense in some interval, so the limit
doesn’t exist (see [6, p. 33]). Of course, for a Pisot nunih@iro" || is exponentially small
as a function ofz, for a fixedx in the field of6. The novelty of Corollary 1.5, even for
Pisot numbers, is the uniform estimate (uniform for a relatively dense st aictually,
the proof of Corollary 1.5 will show that for any> 0, the set of such thaf|10"| < er"
(Vn > 1) is relatively dense, where9r < 1.

2. Proofs

Proof of Theorem 1.4. Assume that the degree &fis d. Thus the field admits a basis
of algebraic integers

w1, ...,04.

We denote their Galois conjugates by (tith column corresponding to the conjugates
of a),')

W
o2 G2
a)id_l), o a);d_l).

Consider the following system of inequalities whose unknown are rational integers
(m1,ma, ...,my) € Z%:
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(1) (€H)

|m1a)1 +~'+mda)d ‘<8,
|m1w§2) + - +mda)é(12)‘ <eg,
|m1a)(ld_1) 4+ 4+ mdwild_l)| < e.

To each solutiorim1, mo, ..., my), if any, of the system we associate the algebraic integer

A(mi,ma,....,mg) =miw1 +---+mgywy.
The numberi(mzy, mo,...,my) admits its Galois conjugateralw(li) + -+ mda)g),
i=1...,d—1. So,itis are-Pisot number. We will conclude the proof by showing that
the set of all numbers(my, mo, ..., my) is relatively dense ifR.
Indeed, the set of pointy, ..., x4) € R? fulfilling the inequalities

(1)
1

X1w, " 4+ +xda)(l) <eé,
| J

|x1a)§2) + -+ xdw;2)| <eé,

(d-1) (d-1)
1

‘xla) —i—uo—i—xda)d |<8
is a thin “tube” around the lineparameterized a1, . .., a4t): t € R} whose direction
(a1, a2, ...,aq) is given by
w0+t =0 (A<i<d-1). (1)
Now the question is how to show that there ara, mo, ..., my) € 74 arbitrarily close to
the linel such that.(m1, mo, ..., my) are relatively dense in the tube.
To this end, we consider the translatibnT? — T¢ defined by

T(t1,12,...,tq) =1+ a1, l2+az, ..., tq+og).

The question will be reformulated in the following way: how to find a relatively dense set
of n such that

T"0€ Uy (0)

for any pre-describedl, whereU,/(0) is thes’-ball of T centered at 0.
To prove this, we will use a basic fact about translations ofdfdimensional torus
(actually a fact about group translations with respect to the Haar measure).

Lemma 2.1 (see [3, Proposition 4.3.3))et T be a translation off? andx € T¢. Then the
restricted action o’ on the orbit closurd7"x: n € Z} is uniquely ergodic.
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Since the unique ergodicity implies the uniform convergence of the Birkhoff means of
continuous functions (see [3, Theorem 4.3.1]), we have for any elementary bagic set
(in particulars’-neighborhoods) that the “hitting sequende’c Z: T"x € B} is relatively
dense inZ and hence ifR for an uniquely ergodic actiofi. We may also refer to [5].

Apply this to our case by choosimg= U, (0) with

d
¢ max E |a>(.’)| <e.
1<i<d “ J

j=1

Let Z(¢) be the set ofi € Z having the property that there exisisy, mo, ..., mg) € Z¢
such that

njl<é¢', withnj:=naj—m; (j=212,...,d). (2)

On one hand, by (1) and (2), for anyli <d — 1 we have

d .
2 mjw;
j=1

d d d
nZotja)y)—ana)y) és'Z‘a)ED‘ <é€,
j=1 j=1 j=1

and on the other hand we have
d
Ami,mo, ..., mg) ZHZ(X.,'(U./ + O(e). 3
j=1

By Lemma 2.1Z(¢’) is relatively dense. Let = Z”}zl ajwj. Sincea # 0, the seu Z(¢’)
is relatively dense and so is the set of the\d@i1, mo, . .., mg) because of (3). O

Proof of Corollary 1.5. Lett be a Salem number of degre¢ @ndK its algebraic number

field. For fixeds > 0, the set o£-Pisot numbers ik of degree 2 is relatively dense ifR.
For such arz-Pisot numbep with its conjugateg ) (1< j < 2d — 1) we have

B + % 1 @i 4 gPp—ien 4 g2d=2) a1 4 A=) ,—ia-1 ¢ 7,
Therefore

|Bt"| <e(@d —1) forallneN.
This proves the corollary. O

Proof of Corollary 1.6. For a non-negative matriXx and a fixed positive vectar, the
matrix norm||A|| has the same size as the vector noAn| (one is bounded by the other
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up to a multiplicative constant. We will use the noph= Z?:l [vj|forv=(vy,...,va)).
So, it suffices to show the limit of 1 £, (x) is a constant where

fa(x) =log|M (z""1x) - M(zx)M (x)v].

By Theorem 1.7 (Theorem 2.5 in [1]), we have only to show that foramsy0 the set of
A € R such that

nHG ) = L) <e (YxeR, Vn>1) 4)
is relatively dense (such a is called ane-period of n=1f, in [1]). Since M (x) is
Lipschitzian, so igM (x)v|. Then, by Corollary 1.5, there is a relatively dense set of
such that

|M (x +2t%)v — M(x)v| < Ce (5)

for some constant, all x € R and allk > 1. On the other hand we have the following
distortion lemma, which is easy to prove (see [1])

g|M(xl)M(x2)--'M(xn)v| < (5—lZIXk_yk|> (6)
k=1

IM ()M (y2) - M(yn)v]

where§ is the minimal value of those strictly positive entries df. Both (5) and (6)
together give

|+ = fu@)] < 57 1ne.

This is (4) withe replaced byCs~1¢. Recall that > 0 is arbitrary. O
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