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Abstract

We introduce non-homogeneous equilibrium states which include the classical
equilibrium states for subshifts of finite type, Riesz products and G-measures. We
prove a rather precise estimate for || P, f|l« where P, are the averaging operators.
Applications are given to estimate ||L} f|o (L4 being a transfer operator on a sub-
shift of finite type) and then to prove a central limit theorem for f(T"x) (T being
the shift), to study the almost everywhere convergence of some lacunary series with
respect the equilibrium state and then to compute the Hausdorff dimension of the
equilibrium state etec.

Introduction

The thermodynamical formalism was introduced by Ruelle [20] and Sinai [21]. It
helps to understand the equilibrium state associated to a potential (or an interaction)
in statistical physics. The existence and properties of equilibrium states were studied
for different types of dynamical systems [2]|. By using the Markov partitions, many
systems can be reduced to a symbolic dynamical system called subshift of finite type.
In this paper, we shall study the speed of convergence towards the equilibrium state
associated to a potential of summable variation. More precisely, let L, be the transfer
operator defined by a potential of summable variation [2] (a definition will be given
below). It is well known that there exists a unique equilibrium state p associated to
g and that for any continuous function f, L} f converges uniformly to a constant. It
is the speed of this convergence that we would like to study.

The well-known classical result states that if g and f are Holder continuous, the
speed is exponential [2]. Our aim is to get sub-exponential speeds for less regular
functions g and f. There are works done in this direction |5, 13, 15, 17, 23|, which
have interesting consequences both in dynamical systems and stochastic processes.
The projective metric introduced by Birkhoff [1] are often used as a powerful tool
[12, 15]. A coupling approach is also used [3]. In this paper, we shall present a simple
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way to study this problem by using some ideas coming from [6, 9, 10]. Actually, our
setting of the so-called non-homogeneous symbolic space is more general than that of
subshift of finite type. The Riesz products in harmonic analysis [24] and G-measures
[4] are thus included as special cases.

Our main result (Theorem 2) reads as an inequality. We state it here for the case
of subshift of finite type (Theorem 3):

k M+

1Ly fllo < A (varn<f) +> ) varj(logg)+ 7’“)

=1 j=ng+—n;+l

forany 1 < ny < ny < --- < ng < N, where var,(f) is the variation of a function
f- We should point out that such a L>-estimate is the first one in the case of non-
Hoélder potentials and it is stronger than ever obtained estimates on the correlation
which are essentially L*-estimates.

Two applications will be given. One, consequence of Theorem 3, is to prove the
central limit theorem (CLT) for the process f(T™z) with var,(f) = O(n™'7¢) (¢ > 0)
relative to the Gibbs measure of a potential ¢ with var,(p) = O(n™?7¢). The other,
consequence of Theorem 2, is to prove the quasi-orthogonality of some systems of
functions with respect to the non-homogeneous equilibrium state, which allows us
to compute the dimension of the non-homogeneous equilibrium state.

In Section 1 we define the non-homogeneous equilibrium states and state the
main results. In Section 2 we give a study of the existence and uniqueness of the
non-homogeneous equilibrium states. The main result concerning the convergence
speed is proved in Section 3. More precise results for subshifts of finite type are given
in Section 4 and consequently we get a CLT under a weak regularity condition. In
Section 5, the almost everywhere convergence of lacunary series is studied and we use
the result to compute the Hausdorff dimension of the equilibrium state in Section
6. This dimension result improves those in [7, 10, 18].

1. Definitions and main results

Let {S,, }>1 be a sequence of finite sets of discrete topology. Suppose £; = Card S; >
2. Consider the infinite product space X = [[°2, S, equipped with the product
topology. A compatible metric on X may be defined as d(x,y) = ({1fy---£,)"" with
n = n(z,y) = sup{j = l:x; = y;,V1 < i < j} (with convention sup & = 0). Let
A = {A,}n>1 be a sequence of matrices such that A,, € Mg s, ,,, that means the
rows of A are indexed by S,, and the columns by S,,+. Suppose the entries of A,, are
0 or 1. Such matrix is called an incidence matrix. We define a subspace X4 of X by

Xa={x=(xj) e X: A (xp,Tpe1) =1, Vn =1}
We call X 4 a non-homogeneous symbolic space (restricted by A = {A,,}). In the sequel,
we always suppose that there exists an integer M > 0 such that

n+M

[[4 >0 (=1 (1)

Jj=n
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(A > 0 means that the entries of A are all positive). In this case, X4 is said to be
transitive. Note that X4 = X if all entries of every A,, are equal to 1. We call X the
Jull symbolic space.

A sequence G = {g,}n>1 of non-negative functions defined on X4 is called a
sequence of potentials if for any n > 1, g,(x) does not depend on the first n — 1
coordinates of z (so, we sometimes write ¢, (%) = gn(TnZn+t - --)). Further, it is said
to be normalized if for any n > 1,

> g ) =1 (Vo = () € Xa). (2)

Yn' An(Yn,Tnri)=1

Forn > 1, let

Then define a sequence of averaging operators P,,: C(X 4) — C(X4), where C(X4) is
the space of all continuous functions on X4, by

Pof(@) = Y Gulyi- ynTuri ) f 1 Ynner -+, (3)
)

1 Yn

where the sum is taken over all sequences (yi,...,y,) such that

Al(yl7y2) e An—l(yn—l»yn)An(ynv Z’n+]) =1.

It will be checked that P, is positive and P,1 = 1. Therefore, the adjoint operator
P M (X 4) — M/ (X4) admits fixed points, where M, (X 4) is the space of all Borel
probability measures on X 4. A measure p € M (X 4) is called a (non-homogeneous)
equilibrium state associated to G = {g,} if PXu = pforalln > 1.

Consider two special cases. The first is the (classical) subshift of finite type. Suppose
S, = Sforalln > 1 where S = {1,2,...,¢}. Suppose A,, = Afor alln > 1 where A is
a {x{ incidence matrix. Then we get the well-known subshift of finite type X4 [2]. We
will denote it by X 4 in order to distinguish it from X4 in the general case. Note that
X 4 is transitive if and only if A is a primitive matrix. A specific property of X 4 is that
there is a shift T:X4 — X 4 which is defined by x = (z,)n>1 — TT = (Tpt1)n>1. We
thus have a dynamical system (£ 4,7), which is a model for many other dynamical
systems. Let g:£4 — R". Let g,,(z) = g(T" 'z). If g is normalized in that

S g =1 (VreXa),

yeT 'z

then {g,} is a normalized sequence of potentials. The corresponding equilibrium
states are the classical (homogeneous) equilibrium states. Note that if g is not nor-
malized but of summable variation, it can be reduced to a normalized potential gy.

The second special case is the Riesz product in harmonic analysis [24]. A general
form of Riesz products is

p= T+ ancos @ty Lox)), (€= 3,|an| < 1Vn).

n=1

The measure p is understood to be the weak limit of the partial products of the above
formal infinite product. Let g, (z) = £, 1, (1 + a, cos (27ly - - £p,x)) (n = 0,6, = 1). If
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we identify = € [0, 1) to the sequence (z,) € X = [[°2,{1,2,...,4,} by

n=1

— - Ln
x_;glgz...gn’

then {g,} may be regarded as a normalized sequence of potentials on X. The Riesz
product is the corresponding equilibrium state (if it is unique). A larger class is the
set of G-measures studied by Brown and Dooley [4], which correspond to the full
symbolic space defined by S,, = Z /¢, Z.

Return to the general case. Our first result concerns the existence and the unique-
ness of equilibrium states.

THEOREM 1. Let G = {gn}n>1 be a normalized sequence of potentials defined on a
transitive symbolic space X 4.
(@) The set of all equilibrium states associated to G is a non-empty convex compact
set.
(b) There is a unique equilibrium state if and only if for any f € C(Xa), P, f(x)
converges uniformly (in x) to a constant as n — oo.
(¢) There is a unique equilibrium state if

Imin = lnf{gn(l’) S XA, n = 1} > 0,

Gn(x) . }
V :=sup n=2l, xzi=y;, (1<j<n); <oo.
I{Gn(y) 74 )

(d) Under the condition in (c), there exist constants Dy and Dy such that
Dy Go(@) < il () < DoGo(2)
forall z € Xa and all n > 1, where I,(z) = {y:y; = x; V1 < j < n}

We shall see that we may take D; = gM /V and D, = V where M is the least
integer in the definition of transitivity of X 4.

Actually the constant in (b) is just [ fdu where p is the unique equilibrium state.
Suppose without loss of generality that [ fdu = 0. Then P, f converges to zero as
n — oco. Our main concern is the study of the convergence speed of Py f. Forn > 1
and any f, define

var,(f) = sup{|f(z) — fW)|:z; =y; (1<j<n)}
For 1 <n <m, let

Vi = —1 + sup {gng;% =y; (1< gm)}_

Note that V,, ., — 0 as m —n — oo if g,,s are rather regular.

THEOREM 2. Let G = {gn}n>1 be a normalized sequence of potentials defined on a
transitive symbolic space X 5. There exists a constant 0 < v < 1 such that for any
feC(Xa), any N > 1 and any choice 1 <ng <mny <--- <np <N, we have

k—1
Z an’njﬂ + 'ykl .

§=0

1PN flloo < varn, (f) + [ flleo
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We shall see that we may take

_D2_D1 _ VQ_glj‘r\l/{n
D2+D1 V2+gr]r\1/{n‘

These results are announced in [11]. The proof of Theorem 1 is based on ideas
contained in [6, 9] and the idea was used in [10]. The essential observation (Proposi-
tion 5) is the following projection property P, P,, = P, P, = P,, (m = n). The proof
of Theorem 2 is based on the following fact which is easy to prove (Lemma 2). Let
E,, be the operator of conditional expectation with respect to the o-field generated
by the cylinders of length n. Then E, P, is a strict contraction on the subspace of
LP(u) consisting of functions with zero mean.

Now let us apply the above result to study the asymptotic behaviour of powers
of transfer operators defined on a subshift of finite type. Recall that the transfer
operator Ly: C(X4) — C(XZ4) associated to a non-negative function g is defined by

Lef(@)= > gw)f®.

yeT 'z

where T:X 4 — X2, is the subshift. If ¢ > 0 and log g is of summable variation,
ie. ZZ‘;] var,(log g) < oo (equivalently ZZ’;] var,(g) < 00), it is well known that
the spectral radius p of L, is an eigenvalue and there is a positive eigenfunction h
associated to this eigenvalue. Consequently the study of Ly can be reduced to that of
Ly, where gy = g+log h—log hoT —log p. In the sequel, assume that g is normalized
and of summable variation. Let p be the unique equilibrium state p for g [9, 22].
For a function f: X4 — R, the correlation function of f (or of the process f(T"x)) is

defined by
/foT" fdu—(/fdu) , (m=>=1).

Nince g is mixing [2], Ry(n) tends to zero for any continuous function f. In view of
this, we may regard Ry(n) as a rate of mixing. Note that if [ fdu = 0. we have

<o Iy £llt < N lloo [l L flloo-

THEOREM 3. Let g be a normalized potential of summable variation defined on a
transitive subshift of finite type. Let Ly be the corresponding transfer operator. There are
constants A > 0 and 0 < v < 1 such that for any f with [ fdu = 0 (where p is an
equilibrium state). we have Rg(N) < || f|lool| LY flli and

i+t

ILg fllee < A (Varnu + Z Y. varj(logg)+ v’“)

J=nis—ni+1

Jorany 1 <ny<ng <---<ng<N.

More precise estimates will be presented in Section 3 for special cases involving
different kinds of regularities of f and g. We should note that our estimate on the
supremum norm ||L)Y f|lo is much stronger than the existing estimate on Rg(N) or
on the L'-norm ||LY fl];.

Theorem 2 also allows us to study the almost everywhere convergence of some
lacunary series with respect to the non-homogeneous equilibrium state p. Let {a, } be
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a sequence of complex numbers and let { f,,} be a sequence of p-integrable functions
on X 4. Suppose that f,(z) depends only upon 11, Zp+2,... . We would like to find
conditions for the p-almost everywhere convergence of the following series

THEOREM 4. Let {gn }n>1 be a normalized sequence of potentials defined on a transitive
symbolic space and let { f,} be a sequence of functions such that f,(x) depend only upon
Tty Tpaz, - - - - Suppose there are constants A > 0 and € > 0 such that for m >n > 1,

A A

”fn”oo <A, var,, (fn) < vary,(log g,) < W

(m _ n>1+e’
[e%¢] 9 2 .
If >~ lom [P log™ n < oo, then the above series converges pi-almost everywhere.

Even for Riesz products, there were only very partial results about this conver-
gence problem [18], which were obtained usually under the condition of analyticity
of f, (regarded as functions on the circle). Only for the case f,(x) = > tne
it proved that Y |a,|? < oo is a necessary and sufficient condition for the almost-
everywhere convergence |7, 19]. Theorem 4 above requires only weaker conditions
like Holder continuity of f,,.

As a consequence, we get the following formula which gives the Hausdorff dimen-
sion of the non-homogeneous equilibrium state

, was

, : 1 -

2. Bxistence and uniqueness of equilibrium states

The aim of this section is to prove Theorem 1. For convenience, we shall use the
following notation. For n > 1, let

Xn:ﬁsja X" = ﬁ S7
j=1 j=n+i

For a finite sequence z in X,, and an infinite sequence y in X", zy is used to denote
the concatenation of z and y, which is a point in X. For x = (2;),;>1 € X, z|,, and
x|™ are used to denote the finite sequence (z1z3 -+ x,) € X, (the head of z) and the
infinite sequence (T,+1Tn+2---) € X™ (the tail of ). On the restricted symbolic space
X 4, we introduce

I, ={yeX,:y=ux|, forsomezec X}
I"={ye X":y=z" forsomezec Xu}.

Notice that the concatenation zy of a sequence x € I',, and a sequence y € I'" is a
sequence in X 4 if and only if A, (2, Yn+1) = 1. For a fixed z € X4, let

() ={y € X,:yz|" € X4}

It is clear that I', () C I',, and that I',,(z) = I',(y) if and only if 2,41 = yp+r. It is
worth noticing that Card I',, = ||[Aj Az -+ Ay for n > 2.
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Recall that a sub-basis of the topology of X 4 is the set of the cylinders (of lengths
n = 1)

Iy) ={z € Xa:z|, =y} (yeTlyn).

Note that g, (y,z|") is not defined if A,,(yn, Tn+1) = 0. We use the convention that
In(ynz|™) = 0 when it is not defined, i.e. when A,, (Y, Tn+1) = 0. With this convention,
the sum defining the normalization condition of g, in (2) can be taken over S,,.

ProposiTioN 5. Let P,: C(X4) — C(X4) (n = 1) be the averaging operators defined
by (3). We have
(i) P,1=1,P?=DP,.
(i) PPy =PnP,=P,ifl <n<m.

Proof. We prove P,1 = 1 by induction on n. It is obvious when n = 1. For x €
X4, since I'y,(z) depends only on x,4+(, we write it as I',(2,+1). Now consider the
decomposition

@)= J Tuctn)ns

Yni An(Yn,Tni1)=1

where Ty, (Y)Y, means {zy,:z € I',_;(yn)}. This decomposition allows us to write

Pi@= Y galwazl D Gailyr-yazl)
Yn: An(Yn,Tn1)=1 Y1 Yn—1€M—1(yn)

= > gyl =1,

Yn: An(Yn,Tnr)=1

where the reason for the second equality is that the inner sum equals 1 by induction.
It is easy to see that P, f(x) is independent of x|, just because I', (') = T, (z") if
Z'|" = 2"|". So, P? = P, and P,P,, = P,, when n < m. Now we have only to show
P, P, = P,, when n < m, which is actually equivalent to Ker P, C Ker P,,. Suppose
P, f(x) =0 forall x € X4. Then P, f(z) is equal to

m

Z H gj(yj t ymx‘m) Z Gn(yl o YnYn+t o ymmlm)

Yntts s Ym J=n+1

XFY1 - YnYnst - Ymz|™),

where the condition on (y,---,yn) is clear. However if the inner sum is 0, then

P,.f(x)=0.

Proof of Theorem 1. After establishing the proposition above, we enter into a gen-
eral situation discussed in [6], from which we immediately get (a) and (b) of The-
orem 1. (c) is a consequence of (d). In fact, let ™ be the o-field generated by the
image of P,. It is easy to see that P, may be regarded as the conditional expectation:

P,f =E.(f|#") p—ae.

for any equilibrium state. Let 2°° be the limit of #". An equilibrium state is said to
be ergodic ifit is trivial on #°°. It is known in [6] that an equilibrium state is ergodic
if and only if it is an extremal point in the convex set of all equilibrium states and
that two ergodic equilibrium states are either mutually singular or identical. Since
the conclusion of (d) implies that two equilibrium states are absolutely continuous
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with each other, (c) is then implied by (d). To prove (d), it suffices to follow the proof
of proposition 3 in [9, p. 1245]. Let us give a sketch. Let u be an equilibrium state.
Forany n > 1 and M > 0, we have

(1)) = BulBy (1) |2 M) = BuPria 1)) (1Y)

The transitivity implies that there is an M > 0 such that for any n > 1, any z,, € S,
and any yn+a+1 there are y) .,y .o, ..., Yn, s verifying

Ap(Trs Y ) Anit W15 Yna2) - Anent U ar> Ynraat) > 0.
It follows that
Pn+M11(z|n)(y) 2 Gn*—M(‘Tl e I7Ly:7,+ly:1+2 e y;+Myn+M+1 te )

According to the conditions, we know that the right-hand side is bounded from below
by V=1gM G, (x). For the inverse inequality u(I(z|,)) < VG, (), it suffices to take
M =0.

3. Estimation of || Py f |

In this section, we prove Theorem 2. The proof consists of several lemmas. One of
the key results is the following elementary inequality.

Lemma 1. Let 0 < a < b < o0 be two constants. There exists a constant 0 < v =
Y(a,b) < 1 such that the inequality

n n
> oz <Y oyl
j=1 j=1

holds for any two sequences {a;} and {x;} of real numbers satisfying the following
conditions

> a;=0, a<z;<b<j<n)
j=1

(v = (b—a)/(b+ a) is optimal).
Proof. Suppose first n = 2. Since oy = —aw, it suffices to show
|z — 22| < y(z) + 22).

We can assume x; < 2. Let y = 23/x. The inequality becomes y — 1 < vy(y + 1), i.e.
y < (1 +7)/(1 —~). Note that 1 <y < b/a. Choose 7 such that b/a = (1 +)/(1 — 7).
Thus the inequality is proved in this special case. In the general case, let

yi= > o, p= Y |l
Jra; =0 Jra;<0
Since the two sides of the desired inequality are homogeneous in s, we can assume

Yo=Y =t

Gra; =0 Gia; <0
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Note that a < yy,y2 < b. Then by the proved inequality for n = 2, we get

n
E QT
j=1

Let 4,, be the o-algebra on X4 generated by the cylinders of length n. Let E,, =
E(-|%,) be the conditional expectation with respect to 4,, on the probability space
(XA7 M) .

=y — yel <y(ys +up) = ’YZ|043|5U1

LLM\H 2 There exists a constant 0 < v < 1 such that for any f € L (un) with
ff =0, we have

1PnEn flloo < I1f Nl
(v s the one defined after the statement of Theorem 2).

Proof. Note that

PuE,f(x) = Y Gl

cel’y,

(where G (cz|") = 0 if cz|™ ¢ Xa, by convention). Note also that V=1gM <
(Gn(cz|™)/(m(I(c))) <V (Theorem 1(d)) and ), f[(c) fdu = 0. Applying the above
lemma yields

f |fldp
PoEnf(x)] <v ) Gal T
| 2 O
<Y flloo Z Gh(cz|")
cely,
= oo
It is also true that |P,E,f|; < ’y||f||| For thi%, we integrate the above first
inequality and use the fact that p(f fX n(cx|™)du(z) (see [9, 10] for this

fact). The Riesz—Thorin theorem assures then ||P E wfllp < AN fllp forany 1 < p < oo
These inequalities will not be used.

Lemya 3. If m > n, we have

Varm(Pnf) < ||fHooVn,m + Varm(f)'

In particular, if f is B,-measurable, we have
var (P f) < || flloeVim-
Proof. Suppose 2'|,,, = ”|. Then Ty (2, ,) = Tp(2,,) and
Pof(a') = Pa(a")

=3 Galea! ") flea[") = Y Glea”|") flex”|")

cely cel,

= Z [Gn(C;I;/|n) _ Gn(cx” cx | Z G, C.%'N Cl'/|n) _ f(C.T” n>] .

cel, cely,
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The absolute value of the last sum is bounded by
var,, (f) Z Gp(cx”|™) = var,(f).
cely,

The absolute value of the next to the last sum is bounded by

G (Cl‘l‘n)
oo G, (e’ | e ).
”f” Z (C:L' ) Gn(C.T”|n)
cely,
Let a = Gp(cx'|"), b = G, (cz”|") and 7 = V,, ,,, + 1. By the definition of V,, ,,,, we have
1<a/b<7’ Ifa b, then
a a
Zo=2 < 1=V
b b T
If a < b, then
1
‘%—1‘_1 % <l e =V,,
It follows that
n CI ‘ ny —
Z G Cl‘// T’q ‘ < Vn,m Z Gn(cxn ) =V
cel'y cel’

The following lemma is obvious.
LemyA 4. For any f, we have
(I = En)flloc < varn(f).
Proof of Theorem 2. Let Q,, = P, E,. First we remark that if N > n
Py = Py[(I = En) + Qn].
In fact, since N > n, we have Py = Py P, (Proposition 5). Then
Py = PyP,I - E,)+PyP,E, = Py(I— E,)+ PyQ,.

By induction, we have

}%V = }%V

k—1 j—1 k
(I=En)+> (I=E)[[@n +]] Qm] .

j=1 i=0 i=0

By using the obvious fact that Py is a contraction on L*°(u), Lemmas 2-4, we have

HPNfHoo < ” I— Em. f”oo +Z I En] HQn HQm
=0 ) =0
< vary, (f Zvaln] (H Qn. f ) + 7" flloo
k—1
< vary, (f) + [ flle Vn] ony T 1 .
j=1
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4. Subshifts of finite type
In this section, we shall deduce Theorem 3 from Theorem 2, then give some more
precise estimates according to the regularity of the potential.

Proof of Theorem 3. Let gj(x) = g(T?~'z). Let P, be the corresponding averaging
operators. First we have |Ry(N)| < || flls [|LY flli which follows from the relation

RyN) = [ LY fomdu= [ 11 san

Next observe that between Ly and P, we have the relation Ly f(T"z) = P, f(x). Since
T is surjective, |LY fllsc = [|Pn flloc. We are then led to estimate || P, f||o. Suppose
55,|m — -T”|m-

Gn(x/) - ! 1
= < exp log g;(z") — log g,(x
Gl I jE_II g g;(x') — log g;(z")|

< exp Z vary, (log g;)
J=1
n

= exp Zvarm_(j_l)(log 9)
j=1

= exp Z var;(log g).

j=m—n+l

Since e* — 1 < Az for 0 < x < B, we have

Viom <A Z var;(log g).
j=m—n+l
If var,(f) < Aa™, var,(logg) < A" forn 21 (A>00<a<1,0<8<1
constants), then (cf. [2]) there exist B = B(A,a,0) > 0and 0 < § = 6(A,a,0) < 1
such that

ILY fllso < BSY (N >1).

This kind of convergence is said to be exponential. Now we see that we can get sub-
exponential convergences when the variation of the potential decays to zero more
slowly.

TurorEM 6. Suppose [ fdp =0 and || f| = 1.
(@) If var,(f) < An™°, vary(logg) < An" " forn =2 1 (A > 0,s > 0,r > 1
constants), then there exists B = B(A, s,t) > 0 such that
(log N)nmx(s,t)
N min (s,r—1)
(b) If var,(f) < Aa'e™" var,(log g) < Aa'™" forn > 1 (A > 0,0 < a < 1,
p > 1 constants), then for any 0 < o < « there exists B = B(A, o', p) > 0 such that

IL) fllee < B (N > 1).

1LY flloe < Ba'™* ™" (N 2 1).
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(¢) If var,(f) < Aa™’, vary(log g) < Ao forn>1(A>0,0<a<1,0<3<1
constants), then for any 0 < o < « there exists B = B(A, o/, 3) > 0 such that

8
NTF

ILY fllse < B! (N >1).

Proof. In the sequel, C' and C’ etc are different constants in different places.
(a) Note that

UL 1 1
Z'isgs_l.nsfl'
j:n+1‘7

Apply Theorem 3 by choosing

N .
Mo = N5 = Njy = (1<

N

k), k=]|clog N]—1
ClOgN )7 [cog :I Y

where c is sufficiently large and [a] denotes the integral part of a real number a.

We get
log N\ “ log N\ ,
N clog N

< Cl (lOg N)nlax(a,ﬁ)
= Nmin (o,3-1)

(b) Show first that for n < m, we have

m o]
2{: Oﬂogjw g;J/l Oﬂqgmpdm < Cn Oﬂognw.
(log n)P=!

j=n+l1 n

In fact, using the inequality (1+x)? > 1+pz (p = 1,2 = 0), after a change of variable

we get

00 0
- \P )P )P — P
/ a(l()g ) dr = na(log n) / O[(log y+log n)P —(log n) dy
n 1

[e%S)
0" P 0" p_l
< na(loé n) / ap(loé n) log ydy
1

The function under the last integral being a power of y, this integral is of size
(log n)~®=Y. Now to obtain the estimate for || L} f||s. it suffices to apply Theorem 3
by choosing

N

logqN} (1<j<k), k=[log?N]-1

o =Ny —Nj—1 = {

where ¢ > p is some constant.
(c) As for (a) and (b), it suffices to show that

o0
B 5 .8
/ o® dx < Cn'Pa™
n

(the inverse inequality also holds for a smaller C). Observe that for A > 1

o0 9 9
/ e ¥ adr = %e*’\
A

oo s a—1 [
/ e ¥ x%dx = %X‘*le*’\ + ‘/ e~ £ 2dx.
A 2
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Let a > 1 and let ¢ be the smallest integer such that a — 2¢ < 1. Applying ¢ times
the last equality enables us to get

/ e~ r%dx <C ()\ale)‘2 +/ emzmazqu>
A A
<C ()\“_'e_’\z +/ e_g”zxd:r:>
A

<O\ le™N,

Now to obtain the inequality claimed at the beginning of the proof of (d), it suffices
to apply the above inequality to the right-hand side of the following equality

o0 o0
/ o dx = _— ! 73 / e~ 25z,
n |10g O" v/ |log a|nf
Apply Theorem 3 by choosing

ng=n; —n;_| = [Nﬁ} 1<j<k), k= {N%}—l.

Similar estimates for two-sided subshift of finite type can be deduced from the
above results. Apply the estimate in Theorem 6(a) together with a result in [16], we
get the following central limit theorem.

THEOREM 7. Let g be a normalized potential defined on a transitive subshift of finite
type such that var, (log g) = O(n=27°) for some € > 0. Let f be a continuous function
defined on the subshift space such that var,(f) = O(n='"¢). Denote by p the Gibbs
measure associated to g. Then the limit

n—1
1 _
o= lim — ZfoTJ—n/fdu
e V| L2y
exists and
n—I1 ) 1 t x2
Jgr;olu{m: ;foT] —n/fd,uét\/ﬁ} = 271_U/_Ooexp <—202> .

5. Pointwise convergence of some series

We shall prove the quasi-orthogonality of the series in Theorem 4. Then a variant
of a Menchoff theorem |14] applies.

Proof of Theorem 4. Assume that [ f,dp = 0 for all n > 1. Let n < N < m. By
the invariance of u, we have

/fnfmdﬂ:/PN(fnfm)du:/meandU
Consequently,

\ / fnfmdu' < APy fulloo.
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As in the proof of Theorem 3, we can get

n

- 1 1
Vom < CZVarm(gj) < C/Z o
j=1

e (m _ j)2+€ (m _ n)1+e'

Take n < ny <ny <--- <nk < N. According to Theorem 2 and the hypothesis, we
have
k—1
A . A
PN folloo € ——— T A7) ——————+7~.
= (ng — )t ; (njer — my)'*e

Choose k = [alog(m — n)] — 1 with a sufficiently large so that alog 1/ > 1. Then
choose n;s as follows

m-—n
k+1

no—n:nl—no:-‘-:nk—nk12[

This is possible because ny — n < m — n. Finally, choose N = m. Then, for some
constant C' > 0,

1+e 1+e
IPxfulle < O (Bt — g ()

m—n m-—n — p)alog /v
C/

< (m _ n>1+e’

for some 0 < € < e. This implies that the system {f,} is quasi-orthogonal in L*(u),
so the series converges according to a Menchoff theorem [14].

Let us consider G-measures [4] defined on the circle T = R/Z, which include Riesz
products. Let G = {g,} be a sequence of positive functions defined on the circle and
£, a sequence of integers such that {¢,,} > 2. Suppose for any n > 1

n .
> on <€j+x> =1 (VzeT).
The weak limit (if it exists) of the following infinite product is called a G-measure:

1= 1agnOaaim)] Mo = LA = €y lyy),

n=1

To state the next result, we use w(f,¢) = sup |,_, <, | f(x)— f(y)| to denote the modulus
of continuity of a function f defined on the circle.

THEOREM 8. Suppose for some C > 0 and € > 0 we have

C
w(log gn,t) < ——7—-
[log™ ¢

Then the above weak limit exists and defines a G-measure p. Moreover, if we are given a
sequence { fn} of continuous functions defined on the circle such that
C

[ log ™ t]
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Then the following series

> | falhacsa) = [ Fus 1)

oo g 2
converges pi-almost everywhere whenever Y |, [* log” n < oo.

Proof. We can identify the circle T with the symbolic space X = [[°2,{1,2,...,4,}
by the following mapping

o T,
Tp) €EX — — ¢ T.

The G-measure is just the equilibrium state (if it is unique) associated to the poten-
tials defined by

Gn(TnTnit ) = Gn Zniﬂ )
- én U €n+j
7=0
(We use the same letter g, to denote two functions defined respectively on T and X.
There should be no confusion.) The condition on g, implies that

1

|m _ n|2+e

var,(gn) < O ( ) (m %+ n).

This in turn implies that the constant V' in Theorem 1(c) is finite. Then we have the
uniqueness of the equilibrium state and the existence of G-measure. The condition
on f, implies the conditions of Theorem 4.

When g,+1(z) = £, },[1+Re a,e*™*»*], we get a Riesz product. In this case, Peyriére
proved the convergence when f, are analytical functions [18]. The above theorem
generalizes Peyriere’s result to G-measures, improving the result by relaxing the
analyticity to a weak condition on the modulus of continuity. However, Peyriéere
required only ¢*-summability for the sequence of coefficients {a,}. For the special
case f,(x) = e*™® (Vn), it was proved in [7, 19] that the ¢*-summability is actually
necessary and sufficient for the series to converge almost everywhere with respect to
the Riesz product.

6. Dimensions of equilibrium states
By using Theorem 4, we will get a formula for the dimension of the equilibrium
state. In general, for a Borel measure p1 defined on X 4 (or on any metric space), we
define its upper dimension and lower dimension, respectively denoted by dim ™ p and
dim , p, as follows

dim™ g = inf {dim F: u(F°) = 0}
dim, p =sup{a > 0: dim £ < a = p(E) = 0},

where dim B denotes the Hausdorff dimension of a Borel set B. When dim™ p =
dim , p(= o), we say that p is unidimensional or a-dimensional and we write simply
dim g = « (see [8] for a general account).
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THEOREM 9. Suppose that there is a € > 0 such that

vary,(log g,) = O((m —n)~>"¢)  (Vm >n>1).

Then the unique equilibrium state 1 is unidimensional and

dim g = — lim sup

. . 1
oo Og££)"nz/0égj d/“L()

Proof. Define the local (lower) dimension of y at x by

1 I
Q(M, fL’) — ]]m lnf Og U( n(x))7
oo log [In(z)]
where |I,(z)| = (£ily---£,)"". Tt is known in [8] that dim™ u (resp. dim, u) equals
the essential upper bound (resp. lower bound) of D(u, x) with respect to p. By The-
orem 1(d), we have

log p(In(x)) _
log [Io(z)] — log(¢; - Zlog’ gitw) +oll).

With the Kronecker lemma in mind, we have only to show the almost-everywhere
convergence of the following series

oo

1
—— llog g, ~ [ (@) |
; log (0 -+ £y,) [og gn(T) / 0g gn () M(JC)]
However, since log (¢; -+ - £,) > nlog 2, the convergence is assured by Theorem 4.
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